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MULTIDIMENSIONAL  NONLINEAR  EVOLUTION  EQUATIONS 
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In  this  paper  we  will  review  some  recent  work  done  m  the  field  of  mtegrablc  nonlinear  evolution  equauons  and  inverse 
scattering  We  will  concentrate  on  the  basic  underlying  areas  and  refer  interested  readers  to  suitable  references  for  complete 
details:  specifically  background  material  can  be  found  in  various  texts  on  this  subject  te  g.  [1)  by  Ablowitz  and  Segur)  More 
recent  references  will  be  given  as  necessary  The  outline  of  the  paper  is  as  follows. 

1)  Introductory  remarks 

2)  A  discussion  of  two  separate  but  related  issues  Namely,  (a)  solving  certain  nonlinear  evolution  equauons  in  infinite  space: 
and  (b)  inverse  scattering  These  are  important  problems  having  many  physical  applications  Moreover,  they  are  related  to  each 
other  by  what  we  refer  to  as  the  Inverse  Scattering  Transform  1 1ST) 

2)  At  the  end  of  the  paper  we  will  make  some  remarks  on  the  possibility  of  solving  nonlinear  evoluuon  equauons  in  high 
dimensions  (i.e.  equauons  with  more  than  two  spaual  and  one  ume  variable)  by  using  the  1ST  method  as  we  now  understand  it. 


1.  Introduction 

The  prototype  nonlinear  evolution  equations  for  our  purposes  will  be  the  Korteweg-de  Vries  (KdV) 
equation 

u,  -  6uu„  +  0  (1) 

in  one  spatial  dimension,  and  the  Kadomtsev-Petviashvili  (KP)  equation 

(u, -6uux+  uxxl)x=  -3o2uyv  (2) 

in  two  spatial  dimensions.  (It  turns  out  that  the  sign  of  o:  is  critical:  there  being  two  cases  labeled  by  KP,: 
a2  **  —  1:  KP„  =  <r:  «=  1.) 

Historically  speaking,  the  KdV  equation  was  the  first  equation  solved  (on  the  infinite  line)  by  use  of 
inverse  scattering.  Subsequently  numerous  other  equations  of  physical  interest  in  one  spatial  dimension 

were  so'ved  e.g.  nonlinear  Schrodmger.  sme-Gordon.  three-wave  interaction,  modified  KdV.  Boussmesq . 

These  equations  are  all  partial  differential  equations.  In  fact,  there  are  other  equations  which  are  discrete  in 
space  and  continuous  in  ume  (differential-difference)  and  equations  discrete  in  both  space  and  time  which 
also  may  be  solved  by  1ST.  One  other  class  of  equations  in  one  spatial  and  one  time  dimension  fit  into  this 
scheme,  namely  nonlinear  singular  integro-differenual  equations:  with  the  prototype  being  the  so-called 
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Intermediate  Long  Wave  equation  [2a], 

«:  coih^(i~x  )uU)d(.  (3) 

—  2C 

As  5  —  0.  (3)  tends  to  the  K.dV  equation  (with  appropriate  coefficients)  and  as  5  —  x  it  tends  to  the 
so-called  Benjamin -Ono  equation 


u,  -r  2uu,  +  ( Hu)  =  0.  dt 


The  method  to  solve  (4)  was  recently  found  and  it  has  certain  features  in  common  with  some  two-dimen¬ 
sional  problems  -  specifically  KP;  (see  [2b]). 

It  should  also  be  remarked  that  some  ode's  can  also  be  solved  by  similar  methods;  specifically  the 
classical  equations  of  Painleve  (see  for  example  [3]).  We  will  not  dwell  on  this  aspect  any  further  m  this 
lecture. 

In  two  spatial  one  time  dimension  the  KP  equation  is  only  one  of  the  equations  that  can  be  solved  in 
infinite  space.  However,  an  effective  method  was  not  realized  until  a  short  time  ago.  The  important  new 
idea  of  treating  inverse  scattering  as  a  “d  problem”  (see  [9a])  was  used  in  [4]  to  solve  KP,j  and  paved  the 
way  for  the  development  of  the  1ST  for  a  wide  class  of  equauons  in2xl  dimensions  (a  review  of  this  and 
related  work  can  be  found  in  [5a.  b]).  It  should  be  mentioned  that  earlier  work  on  KP,  had  been  done  by 
Manakov  [6a]  and  more  recently  by  Fokas  and  Ablowitz  [6b]  and  on  the  multidimensional  three-wave 
equation  by  Comille  [7a]  and  Kaup  [7b].  KPn  and  others  like  it  depart  significantly  from  previous  work 
and  its  study  has  led  us  to  develop  a  general  method  to  do  inverse  scattering  in  n  spaual  dimensions  as  we 
will  indicate  in  this  review  (see  [8a.b,c]). 

The  concept  of  treating  inverse  scattering  as  a  “d  problem”  was  originally  discussed  by  Beals  and 
Coifman  in  their  study  of  first  order  systems  of  differential  equations  [9a],  Beals  and  Coifman  have  also 
recently  considered  multidimensional  inverse  scattering  via  d  methods  [9b], 

It  should  be  noted  that  important  contributions  in  the  study  of  multidimensional  inverse  scattering 
associated  with  the  time-independent  Schrodinger  problem  have  been  made  by  Faddeev  [10]  and  Newton 
[11].  In  one  dimension  we  also  note  the  important  contributions  of  Shabat  [12a],  Mikhailov  [12b]  and 
Caudrev  [12c].  Some  of  the  work  in  this  review  is  related  to  these  studies  although  the  methodology  is 
different. 


2.  Inverse  scattering  and  ther  inverse  scattering  transform 

The  method  of  solution  by  1ST  begins  with  the  study  of  two  compatible  linear  operators  (Lax  pairs) 
( L  depends  on  one  or  more  “  potenuals”  or  funcuons  which  we  call  u ) 

Lc  «  Ac.  (5) 

t,  -  Mi .  (6) 

connected  by  the  compatibility  condition 


L~[L.  Af]-0. 


■JS 
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when  the  flow-  is  isospectral.  X,*0.  (7)  is  the  nonlinear  evolution  equation  to  be  solved.  X  is  a  spectral 
parameter,  which  as  it  turns  out  loses  significance  in  spatial  dimensions  greater  than  one.  L  is  a  spatial 
operator  only:  with  time  acting  as  a  parameter.  The  parametric  dependence  in  time  is  what  allows  us  to 
study  the  question  of  inverse  scattering  separately  and  then  after  this  task  is  completed  allows  us  to  solve 
the  relevant  nonlinear  equation  (7).  For  KdV  the  operators  are 

22  2 

L  =  — — r  —  u.  M  «=  (4X  +  2u)  -s - u  .  (8) 

dx~  °x 

The  reader  can  now  verify  that  (7)  yields  (1).  It  should  be  noted  that  there  are  generalizations  of  (5)-(7), 
but  we  shall  not  be  concerned  with  that  here. 

The  direct  tor  forward)  scattering  problem  associated  with  L  means  given  a  potential,  in  a  desired 
function  class,  and  solve  for  eigenfunctions  corresponding  to  suitable  initial  or  boundary  conditions. 
Usually,  appropriate  eigenfunctions  are  defined  in  terms  of  an  integral  equation  (e.g.  via  Green's 
functions).  From  the  eigenfunctions  scattering  coefficients,  eigenvalues,  etc.  can  be  calculated.  Call  the  set 
of  all  such  data  obtainable  from  the  solution  of  (5)  S. 

The  inverse  problem  is  as  follows.  Given  some  subset  5  of  S  (i)  reconstruct  the  eigenfunctions  and  the 
potential:  (ii)  characterize  the  analytical,  algebraic,  and/or  topological  constraints  on  the  data  m  order  to 
find  a  potential  in  the  desired  function  class. 

In  recent  years  significant  strides  forward  have  been  made  in  regard  to  the  solution  of  those  inverse 
problems  motivated  bv  the  study  of  nonlinear  evolution  equations.  Examples  in  one  dimension  are 


(i)  -  £  u(J)(x )— — —  =  Xc,  u(i) (j)(x).  c(x.  X )  scalar  [see9c]: 

,  _  -»  Q  X 


( ii )  =  i X  Jc  -  qv ,  v{x.  X ).  q(x  )  €  C 


J  =  diag(  . Js  !.(/'«  J i  !  [see  9d ] . 


In  multidimensions  examples  are 

di  n 

( iii)  o~r~  ■L  -Ac  —  u(x.  y)  v  =  0.  a  =  aF  io;,  isR",  y  e  R .  A  =  dx‘  [see  8a.  8c.  9b] ; 


(  iv )  —  Ac  —  u(x  )r  =  kv  [see  10.  11,  Sa.  8c.  9c]: 

3  v  n  3  v 

(v)  —  a  £  ~  Qv-  o  =  aR~io,.  iSR".  yeR:  c.qeC 


J  =  diae  (  J ' . JK  i. 


(//*//.  i  *y  )  [see  8b]. 

The  inverse  problem  for  (i)  and  (ii)  may  be  written  in  a  compact  form.  Namely  solve 
(  u,  —  p_  )( x.  k  )  =  fi_  ( x.  a[  k))V[x,  k  ) 

on  I  ( I  is  an  appropriate  contour  in  the  complex  A>plane  and  U  is  a  function  depending  explicit/  on  the 
scattering  data  and  a(k)  is  problem  dependent)  with 


/.  a  I  k  ).  l-'l  x.  k  )  given  on  T. 


f. 
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li  _(x.  k)  meromorphic  in  k  £  C/2.  (9) 

ft  ,(x.  k)  has  a  finite  number  of  poles  with  locations  specified:  k1 . kn\  and  Rest.A  ft  .(x.  k)  specified 

appropriately. 

In  (9).  ft(x.  k)  is  associated  with  an  eigenfunction  of  the  given  operator.  It  is  related  to  v(x.  k)  by 


v(x,  k  )  -  ft(x.  k)ee^x-k\ 

where  8L  (  x.  k)  is  a  concrete  phase  factor  which  depends  on  the  unperturbed  (potential  zero)  operator.  The 
parametric  dependence  A  =  \(k)  is  explicitly  given  (chosen  for  convenience). 

(9)  is  a  vanant  of  the  usual  Riemann- Hilbert  factorization  problem.  The  standard  situauon  involves 
finding  ft  _  analytic  off  2  without  any  extra  parameter  such  as  x. 

Corresponding  to  (i)  and  (ii)  above,  the  second  order  case  is  classical  and  has  been  studied  by  numerous 
authors  ta  review  of  this  appears  in  [1]).  Although  some  work  had  been  done  for  third  order  scalar 
operators  nevertheless  it  has  only  been  within  the  past  few  years  that  the  solution  to  the  general  nth  order 
case  has  been  found.  It  should  be  noted  that  the  matrix  system  (ii)  above  has  also  been  studied  in  [12a— c]. 
A  thorough  analysis  of  the  problems,  including  the  case  of  complex  diagonal  elements  of  J  appears  in  [9d], 
To  be  concrete  we  shall  given  the  results  for  the  inverse  problem  associated  with  the  one-dimensional 
time-independent  Schrodmger  equation:  i.e.  (i)  above  with  n  =  2.  u(x)  =  -u<2)(x).  Let  A (k)x  -k:.  then 
the  scattering  equation  is 

lxx  —  (  k~  —  u)v  =  0.  —  x<x<x.  =  (10) 

ftxx  -  2  ikftx  -  uft  «  0.  (11) 

The  relevant  function  ciass  for  u(x)  is  i*x(  1  *  ix!)|u!dx<  x.  v(x.k)  has  solutions  (Jost  functions) 
which  we  denote  bv 


<b\  x.  k)  =  e 


l>(  x.  k)  =  c  ’ 

X  —  -  ■X 

Ctx.k)  =  e' 


Functions  with  “nice"  analytical  properties  are  obtained  by  multiplying  by  a  suitable  exponential  factor: 


Mix.  k)  =«e,u  =  1. 


,V(x.  k)  =  1.  \ 

X  —  -  3C  \ 

,V(x.  k  )  =  \hzlkx  =  e;'*M 

x  —  —  oc 


The  relationship 

V  ( -t .  k  i  *  C  !  x .  —  k  ) 

implies 

.V  (  x .  k  I  *  A'  I  x .  —  k  )  e ' '  * ' 
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Completeness  of  these  eigenfunctions  requires 

M(  x .  k  )  ■»  a  ( k )  N(  x ,  k )  ■+■  b(  k )  N(  x .  k ) , 

or.  using  (12d). 

~l('k  y  1  “  N(x.k)-r(k)  e2,kxN(x. -k). 

(12e) 

where  r{k)  =  b{k)/a(k).  The  analyticity  of  M(x,  k).  N(x.  k) 
integral  equations: 

is  deduced  by  studying  the  following 

M(x,  k  )  *  1  -  f  0.(x  -  x'.  k)u(x’)M{ x',  k)dx‘. 

(12f) 

•V(  x.  k )  »  1  -r  J  C.(x- x\k)u(x')N(x',k)dx'. 

J  —  OC 

(12g) 

where 

C--^-k)-2jcJK-2k)6i- 

(1-h) 

C.  being  the  contour  below  ( -  )/above  (-)  the  singularities  £  **  0.  £  =  2A:  inside  the  integral  (llhi. 
C  _{ x.k )  is  analytic  for  ImA:  ^  0  and  vanishes  as  | A: [  — •  x.  M{x.  k),  S(x.  k)  are  therefore  analvtic  for 
Im  A:  >  0.  Im  k  <  0  respectively  and  tend  to  unity  as  \k  \  —  oc. 

The  scattering  coefficient  a{  k )  is  also  analytic  for  lm  k  >  0  and  tends  to  unity  as  \k\  ->  oc  (this  can  be 
deduced  from  the  fact  that  a(  k)  is  a  Vvronskian  of  M.  A' ).  a(  k  1  can  vanish  at  a  finite  number  of  locations 
m  the  upper  half  plane:  k  -  Ac, . k„. Im  k  >  0.  Calling 

Mix  k  )  — 

M.U-  k)  -  — .  fi_(x.  k)  =  ,V(jc,  k).  (12i) 

we  see  that  (9e)  is  a  special  case  of  (9)  where  ai  k)=  -  k.  V(x.  ic)=  r(  k  )ez'kx.  The  appropriate  residue 
statement  is 

Res  ( (-*.  k  )1  *  c,  e2‘* xp.  (  x.k  ),  ( 1 2i  1 

k-K  '  '  • 


C  being  called  the  normalization  constants. 

It  is  worthwhile  noting  that  when  no  poles  < i.e.  no  eigenvalues  or  boundstatesi  appear,  then  the 
solvability  of  (12c (  follow's  from  the  work  of  Gohberg  and  Krem  [13]  in  ufhich  they  prove  the  existence  of 
uniqueness  of  the  solution  of  the  corresponding  Riemann-Hilbert  factorization  problem  tin  a  generic 
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For  completeness  we  list  the  integral  equations  for  the  eigenfunction  and  potential  reconstruction: 


.V(x.  A  )  =  e:  '**  1 1  -  y 


~  c.  -V  ( *  >  1  fx  r(()  N(x.i) 


-&,r 


t-k-ri  0 


A'.(jc) 


£  C-’Klx)  ^  r  i ' 

~e  l1"  ^  TTF  !Fli.x'  "$-V  • 

/  •  1  *'  *■ 


2  n 

“1  a-  )  =  |  Y,  -  if.  A’.  (  A  )  -  —  j  r(k  )N(  x.  A'  )  dA 


The  solution  of  the  initial  value  problem  for  suitably  decaying  functions  u(x.  A)  of  KdV  is  obtained  by 
noting  that  r<  A.  n «  r<  A.0)es'*\  This  follows  from  the  second  linear  operator  Af:  see  (6).  <81.  The 
reconstruction  of  u(x. ;  i  then  follows  from  the  inverse  problem.  In  the  general  case,  the  data  V\  x.  k.  t )  m 
(9i  also  evolves  simply  in  time  le.g.  V{x.  k.i)“  H*.  A.0)eul* 11  when  V.u  are  scalars).  Schematically,  we 
have: 

(Direct  problem)  (From  M  operator)  (From  inverse  problem) 

\  \  / 
u(  x.O)  —  n  _(x.  k.  t  «  0)  —  V(  x.  k.0)  —  V(  x,  k.  i )  -»  p.  „(x.k.  t)  —  u{x.t) 


The  method  of  solution  is  what  is  usually  referred  to  as  the  Inverse  Scattering  Transform:  1ST.  This 
program  has  been  earned  out  for  a  surpnsingly  large  number  of  physically  interesting  equations  in  one 
spatial  dimension.  In  fact,  the  only  equation  in  one  spatial  dimension  mentioned  above  that  does  not  have 
an  associated  inverse  problem  of  the  form  (9)  is  the  Benjamin-Ono  equation  (4).  It  shares  with  the  K.P. 
equation  an  inverse  problem  of  the  nonlocal  R-H  form: 

( (i.  -  m  .  )t  x.  A- )  =  fn_  t  ,x.  A'  )l''(  x.  A-'.  A  )  d  A'.  (13) 


Next,  we  shall  discuss  the  K.P  equation  and  its  associated  scattenng  operator  L. 

or,  —  f„  -  u(  x.  y  )  t=0.  (14) 

Note  m  1 14)  we  have  taken  the  eigenvalue  \  =  0  without  loss  of  generality  (by  the  scaling  property  of  r). 
Since  the  analysis  for  the  generalization 

av  -  Sc  — u\x.  i  U  =  0.  (15) 

where  o  =  ctr  -  ic:.  J  =  -f. ;•  F*  r.r*.  v  sR'.  ye  R.  is  a  natural  extension  of  that  in  two  dimensions, 
we  shall  discuss  this  case.  Scattering  parameters  arise  in  (15)  by  looking  for  a  function  u.  =  m  x.  v.  k  )  where 

r  *=  u  e  •  ’ " "  ‘ ' 1  r .  (161 

ffu  —  Su  —  2 1 A •  X~  u  —  u  u  =  0 .  ( 1  “  1 

and  A  =  x  R  —  i  A  ■ €  C  "  We  shall  consider  cR  *  0.  oR  <  0. 
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W'e  look  for  a  solution  y(x.  >.  k)  bounded  for  all  \  and  u  — >  1  as  k'  — •  x.  The  latter  condition  is  a 

convenient  normalization.  If  we  should  consider  1 1  "i  for  a  ~  —  1  in  analogy  to  the  K.P.,  scattering  problem, 

we  immediately  notice  that  the  dominant  operator  is  the  heat  operator  which  is  lilposed  as  an  initial  value 
problem.  Even  though  we  pose  a  boundary  problem,  immediately  we  are  led  to  believe  that  in  this  case 
there  will  be  some  type  of  unusual  behavior.  In  fact  in  refs.  [4.  Saj  it  is  shown  that  the  bounded  function  y 

for  aR  *  0  may  be  analytic  nowhere  as  a  function  of  k.  Specifically  u  =  y[x.  i.  kR.  k In  particular  y  is 

constructed  from  the  following  equation.  Given  u(x.  v  i  —  0  sufficiently  rapidly  at  x.  the  direct  problem  is 

u  =  1  —  C(  uu  ).  (IS) 


G‘  =  G  •  f  a  j  I  Gi  x  -  x' .  v  -  v k  R .  k ,  i/(  x  ’ .  y ' )  d.v'  d  y '. 


The  Green's  function  G  is  obtained  from 


.  .  'ill  I 

kt)-C..lH —  —  .d|dn.  C„  =  — ^ 

-  •  i c tj  -  (2r  i 


HElzicJc-  "r-'.i-i-fte! -vcRi^-:uR 


!  •  I )  d£.  (20b) 


where  &t  x  i  =  ;1  for  .x  >  0.  0  for  .v  <  0 1 .  In  constructing  (20)  we  have  looked  for  a  bounded  Green's 
function,  and  have  taken  the  Fourier  transform  in  both  ,v  and  t. 

Taking  the  c  derivative  of  (18)  with  respect  to  k  we  find  t  c-dk  *  i(  d.  dk R  -  if?  ok:  n: 

on  8G ( uu )  - ,  on 

~Tm— ~L - C  u-jr|.  Cli 

ok  ok  ok 

The  first  term  in  1 21 )  is  calculated  directly  using  the  definition  of  the  Green's  function  (20). 

'  ^  I  -  kR  )8(si  (22a) 

ok  °r  - 


t  *  K  ft  ■  "■  I  ■  S  1  — 


U(  v.  I  i  fl  (  A' .  I  .  k  R  .  K  ■  I  d  .V  d  i  , 


0 1  \ .  i  .  k  R .  k  ■ .  i  i  =  -  2 —  1  •(  £  -  k  R  ! . 


s  i  i  =  s  (  i .  k  R  .  k :  i  s  i  -  ~ 


S  -  “  I  K  ii  "*■  -  K  ■ 


and  St  v  i  is  the  usual  Dirac  delta  function  One  car,  derive  22  either  bv  takins  the  r  derivative  directh  on 
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(20b)  or  on  (20a)  using  the  well-known  fact 
5  '  1  '  «6(k-k0). 


dk  k  —  kc 


(22e) 


From  (22)  one  can  readily  calculate  3u./dk,  (assuming  (18)  has  no  homogeneous  solutions). 

7>  =  -r~  f  e'*'*->*'*<(>T(kR.k1.£)(i-kR)6(s(t))>i{x.y.(.kl)6t.  (23) 

OKj  l°Rl  J 

(23)  is  found  by  noting  that  dfi/dk  f  is  a  suitable  superposition  over  a  fundamental  solution 
W(x,  y.  AR,  A,,  £)  satisfying 


W{x,  y.  k R ,  A,,  t)  =  **•*,.{>  +  G(ufU). 

Using  the  symmetry  condition  on  the  Green’s  function. 

e"flu..v.iR.*1.oC(JC>  y.kR,kt)  =  G(*.  y  .*.A,).  on  j({)-0. 
allows  us  to  find 


(24) 


(25) 


W(x.  y.  AR.  A,.  i)  =  e,fi,x->  ^-*'  «^(.Y.  y.  f  A,).  on  j(£)  -  0.  (26) 

and  then  (23)  follows. 

A  special  case  of  (23)  is  n  =  1  whereupon  o\i/d~k .  depends  iocally  on  p.  For  n  =  1.  let  A,  =  A:  then  (23) 
reduces  to 


du. 

dk 


C!  I  ,  .  , 

— TSgn(A-R je 


i .  *R 


ic’  7~(  A  R .  A  | .  iijjfj-lx.  y,  £0,  A'[). 


(27) 


where  £0  =  -  AR  -  f2a,/crR)AI.  (27)  is  relevant  to  the  solution  of  KP:  KP„:  o,  0.  aR  =  -  1  (see  (4))  and 
KPj  a,  =  1.  aR-*0  ( aR  <  0)  with  the  scaling  A,=  A[/oR  (also  see  the  discussion  of  the  limn  to  the 
time-dependent  Schrodinger  equation  later  in  this  paper). 

The  above  discussion  is  entirely  within  the  context  of  the  direct  scattering  problem.  However,  it  suggests 
what  the  natural  data  might  be  for  this  problem.  We  shall  call  7"(AR.  A,.  £)  the  inverse  data. 

The  inverse  problem  is:  given  T(AR.  A,.  £)  construct  u(x.  yi.  However,  it  is  immediately  transparent 
that  there  is  a  serious  redundancy  question.  Namely  T(kR.  A,.  |)  is  a  function  of  3 n  parameters  wuh  one 
restriction  (the  restriction  is  due  to  S(s{£))  in  (23):  i.e.  T  will  be  given  as  a  function  of  3n  -  1  variables  and 
we  wish  to  construct  a  function  u(x.y)  depending  on  n  ~  1  variables.  But  for  n  -  1.  namely  for  the 
problem  in  two  spatial  dimensions  the  difficulty  disappears.  As  (27)  shows  T  =  T(AR.  A,.  £0(  AR.  A,)),  hence 
T  is  a  function  of  two  parameters  as  is  u. 

Using  (23)  there  are  numerous  reconstruction  formulae  for  u  available.  However,  senous  restrictions  on 
T  must  be  imposed  in  order  to  obtain  a  function  u  depending  only  on  x.  y  and  vanishing  at  x.  This  is 
part  of  the  characterization  question,  i.e.  which  inverse  data  T(  AR.  A,.  £)  are  "admissible". 

One  set  of  inversion  formulae  for  a  is  obtained  from  the  generalized  Cauchy  formula 


M(A)  = 


d /- 


1  /•  r  du/di 

*JJn~ 


d/Rd/,. 


(28) 
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(Another,  more  symmetric  inversion  uses  the  Bochner-Marunelli  formula  but  this  is  outside  the  scope  of 
the  present  review.)  Applying  this  to  our  problem  where  n  —  1.  |A|  —  ac  (the  first  term  is  unity)  we  have 


1  r  r  aK' 

i(x,  y.  AR.  A'i)  =  1  -  -  jj - 1 


/  ,  ,  ,  , , 


dk'Rdk[ 


where  we  use  the  simplified  notation  kR*(kR . k'R . fcR  )  and  similarly  for  k\.  (29)  is  a  linear 

integral  equation  for  (using  23))  the  potential  is  constructed  from 


u{x-y)°TJ?J / JjN*-  >’•**•  *>)***«■ 


(30)  is  obtained  by  taking  k ac  in  (18)  and  (29)  and  companng  the  results. 

It  is  dear  that  in  general  the  nght-hand  side  of  (30)  will  be  a  function  of  kR  .  k}  :  i  =  1.2 . _/  -  1. 

1 . n.  One  possible  way  of  characterizing  admissible  data  would  be  to  require  T(kR.  /c,.  £)  to  be  such 

that  the  RHS  of  (30)  be  independent  of  these  parameters,  for  all  j.  Such  a  requirement  is  analogous  to 
what  Newton  refers  to  as  the  “miracle"  in  the  time-independent  problem  (see  [11]).  However,  in  this 
formulation  we  can  go  further  and  give  conditions  directly  on  77 k  R.  A  ,.  £ ).  The  importance  of  characteriz¬ 
ing  T(kR.  k;.  ()  directly  not  only  has  to  do  with  understanding  on  which  manifolds  of  kR.  k,.  (  can  one 
hope  to  reconstruct  the  potential,  but  also  may  indicate  how-  one  could  in  principle  measure  data  so  as  to 
produce  local  potentials  in  a  stable  manner. 

For  n  >  1  the  compatibility  condition  d2^/dkl8k ,  «  d'^i/dk  :dk .  (t  *  j)  leads  to  a  nontrivial  restriction 
on  T.  one  which  is  nonlinear: 


i?,(n  =  .v;cn. 


where 


(31- 


In  fact  there  is  a  change  of  variables  which  allows  (31)  to  be  put  in  a  simplified  form.  Without  loss  of 
generality  we  may  consider  the  equations  (31)  with  i  =  1.  (i  *  1.  is  obtained  from  /  =  1  by  straightforward 
manipulation)  then  introduce  new  variables  (x.  *.  wc )  e  C  "~1  xR'xR  which  parameterize  the  sphere 
ri£).  (X  =  (X: . xJ 


W’,  OlH'ntV. 


,  m  ur 

Ai»“  2-  *)x,R-  —  -  — 


k\  “  ^  w  X 

—  j*>j\ 


H  OtHpH' 

k.<*  = 


~  HiX ,.  -  T— 
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(33a) 

(33b) 

(34) 

(35) 


where  u(w,  w0)  ~lF(u(x,  v))  is  the  Founer  Transform  of  u(x.  y)  with  respect  to  w.  w0.  The  term  u(w.  w0) 
is  the  boundary  value  of  7"(x.  h\  w0)  as  x  ,  oc.  This  can  be  seen  from  the  definition  of  7"(x,  w,  w0)  (22b) 
and  the  fact  that  from  (32)  \j  *  implies  k;  -*  oc  and  hence  n  —  1.  (35)  leads  both  to  admissibility 
criteria  as  well  as  reconstruction  of  u(x,  y).  Given  T(kR.  k,.  f )  one  computes  J  by  quadratures.  We  also 
reiterate  the  fact  that  the  formula  (35)  assumes  no  homogeneous  solutions  to  (18).  We  conjecture  [8a]  that  if 
J  is  independent  of  x  and  j  and  has  suitable  decay  properties  for  large  w.  w0.  then  T  is  admissible.  The 
potential  is  recovered  from 


u{x.y)=y  l(u(  w.  h>0)).  (36) 

where  1  denotes  the  inverse  Fourier  transform.  Moreover,  we  see  that  reconstruction  follows  purely  by- 
quadratures  given  T(kR.  kv  £)  on  s($)  =  0. 

It  turns  out  that  the  physically  interesting  cases  of  the  time-dependent  and  time-independent 
Schrodinger  equation  in  n  dimensions  fall  out  as  special  cases  of  the  above  result.  In  what  follows  we 
discuss  these  cases  both  as  limits  (reductions)  of  the  above  results  and  then  briefly  indicate  how  the 
formulae  can  be  derived  without  recourse  to  any  limit. 

First  consider  the  case  a  -*  i.  i.e.  a,  =  1.  oR  -*  0  -  (eR  <  0);  kR,  kx  =  /t,/oR.  Then  G(; c,  y.  kR.  k , )  — 
GL(;c.  y.  kR,  kR)  (ui  what  follows  we  drop  the  symbol  ), 


Gl(x.  y.  kR.  k{)  =  —  iC„sgn(y)  j  e>x-t-iy<('-2k%  •«)©(  y(  p  +  2(  kR  *  *,)  •$))  d£.  (37) 

(37)  can  be  directly  verified,  i.e. 

J?Gl(x.  y.*R.*,)-fiU)5(y>.  JP-  i  ~  -  S  -  2  ikR  T.  (38) 

and  hence  u  —  fiL  where  satisfies 


SfnL^-um  and  nL(  .x.  y.  kR .  k, )  =  1  -  GL(  ufiL ). 


( 39a.  b) 
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Thus  Gl(x.  v.  kR.  kj)  provides  a  family  of  Green's  functions  parameterized  by  k{  which  has  the  parameter 
entering  via  “boundary  conditions"  (i.e.  through  the  integral  equation  (39b)  since  depends  on  kR  only). 

As  A:  i  — *  x  oc . 

GL(x..v.*R.*,)-*  -iC„sgn(j)  ( die~,'(t:*2*»-t)',x-t©(±^).  (40) 

hence  Gt(x,  v,  kR,  k ^  —  ±  x)  -►  G'Lr  ’-'(x.  v,  fcR.  £[)  where  G(L=  >J(x,  y,  A:R.  k,)  are  T  functions  of  kR  . 
Similarly  Mu  —  klj  -  m'g  ,j(*<  >'•  A:R,  £[).  Here  fc,  =  (fcj,...,  k:^  k{  , . A'J.  Then  by  direct  calcula¬ 

tion  (alternatively  by  limits): 

(41a) 


where 


PL{x,  y,  kR.  k}.  ~  (x  -  2ykx)  'U~kK). 


^lUr.  *!■*)-//  e~^u.y.k%.k,.(^utl)(x .  ,..*R  .Arr)dxdy:  rLU)  =  ((  +  A-,):  -  (*R  *  /k,):. 


The  reconstruction  formula  for  jiL  is  then  given  by 


1  *(*.  - fej.)  ejk'y-k,  )  ^ 


Hix-r-kt.kO-l-j^ff  (^|(x..v.^.fc{)d^dH 


where  /cR  *  (AcR,....  /cRy_j,  A:R  .  /cR  ^ . /cRJ  and  similarly  for  Arj.  with  (41)  mserted  mto  (42).  (42)  can 

be  derived  directly  by  making  use  of  the  analytic  properties  of  jiL  at  k{  =  ±  x  (or  follows  by  limits).  To 
show  this  bv  direct  means  note 


OC  /? 

/  Jjc7dkbw‘,l(k't~  +sc)-m(^i,=  ~  x)  =  y,  kR,kx)  —  n{~''(x.  y,  kR,kl).  (43) 

—  OC  I 


Thus  by  projection 


)J(x.  y.  kK.  A:,)  =  1  —  (  4r~(x-  >•  A-'r-  fc,)dA:, 


It 


ft 

r. 
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and  the  usual  r  projectors  satisfying  (P~  -  P~)g(kR  )  =  g(kR  ).  Canning  out  the  integral  in  (43)  from 
-  x  to  k,  and  using  the  above  boundary  conditions  at  k{  =  -  oc  yields 


* » ■ ■  ‘ , > - 1  -  r  r  I  w;  1  ■ 1  * :  -  f^\  7T,  1 ' i '  t : , 


-i  d*  1 


(with  the  obvious  notation).  ( 45b )  is  equivalent  to  (42).  The  analogue  of  (31)  is  obtained  from  the 
compatibility  condition  (alternatively  via  limits) 


_ d'n 

dkl  dk{  dk ]  dk  t 


where 


*■>  dk!  • 


A'.r «  - c-, /[(>;- {,-{;)-(«; -/cR)({y-«;)]8(5L({'))7‘L(fcR.*,.ri7-u({'.fc1.Odr- 


Defining  new  variables  (x-H-*vo)' 


f  *i  *i*'o  ,  w.  wjwo 

k)%--w  lXys-T-~ 


=  L%Xi,- 


W,  vv,w0 


7  ’  4 . n. 


we  have  (taking  i  =  1  in  (46)) 


ilk= 

tfXi 


*  A'-,L  [  TL  ] 


and  the  analogue  of  (35) 

1  rr\  X i  ~  Xi  I  e\ X'i  -  X:  I  ]  1( 

rL(X.w.w0  )--  - ; - — - ; - -  A;  [TLj(x'.w.w0)dxR  dx', 

"  [Xr  ~  Xr  -  >0  XR  -  Xr  -  i0  j 


u(  w.  wc  ). 
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Admissible  data  TL  are  such  that  the  LHS  of  (49)  will  be  independent  of  x.  and  j  and  have  appropriate 

decay  in  w.  w0.  (49)  can  be  derived  directly  using  the  fact  that  limXi _ X(TL~  “)  >s-  as  a  function  of  Xr  • 

the  boundary  value  of  an  analytic  function  of  xr  m  the  lower  (xr  —  -  cc) /upper  (xr,-*  ~x) 
half-plane  and  tending  to  zero  as  Xr  The  argument  is  identical  to  that  of  reconstructing  ml  above 
(i.e.  (43)— (45)). 

Next  we  give  the  results  for  the  stationary  case:  i.e.  u(x,y)-u{x).  The  methods  to  obtain  these 
formulae  follow  from  those  of  nt  by  reduction  or  alternatively  can  be  verified  directly  using  the  same 
techniques  as  those  described  above  and  hence  will  be  omitted,  apart  from  illuminating  comments.  The 
“stationary”  eigenfunction  jus(x.  kR.  A:,)  satisfies 

H,{x,  kR.  A- 1 )  =  1  +  Gs(ufts),  (50) 

where  the  Green's  function  is  given  by 


0,{x.  kR, 


nkri) 

*:  +  2i-AR-i0 


t:  +  U-kK~iO 


(51) 


Hereafter  we  assume  that  (50)  has  no  homogeneous  solutions.  By  direct  calculations  it  can  be  verified  that 
Gs  satisfies 


i?sGs(x.  AR,A,)  =  $(x).  (52a) 

i?,-4  +  2iJlcRT  (52b) 

and  ns  satisfies 

.  (53a) 

or.  if  ds(x.  kR,  kt)  *  nse‘kk'x.  v5  satisfies 

IS  ~  kR  —  u(x))4i*‘  0.  (53b) 


Cs  is  obtained  from  GL  by 

Gs(x.  kR.  Ay)  «  /  GL(x,  y.  kR,  Ay)d.v.  (54, 

^  -  OC 

where  the  identity 


81  x  —  )• )  9 (  —  x  —  v )  =  91  y)  91  -  v  ) 

x  —  iO  x  -  iO  x  -  iO  x  t  i0 


is  useful.  Indeed  the  Green's  function  Gs(x.  kR.  Ay)  turns  out  to  be  the  same  as  that  of  Faddeev  [10]' 
The  analogue  to  (23)  is  now 


9k1 


v*|  IM{  -  ) 


Tf(kR.k].S)U,~  kR  k'R)6(K] 


't  t  "  k  r 


1 1  u  (  x .  £ .  k , )  d  £ . 


1 55a) 
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where 


TJkR.kl.t)  =  f  e-'*-«~k"u(x)ni(x.kK.kl)  dx.  (55b) 

h  should  be  remarked  that  the  reduction  of  Tv  to  7S  obeys 

Tl(kK,1^)^^(krU-kR))Ti(kR.k.^).  (55c) 

The  reconstruction  equation  for  jis(.x.  kR.  k{)  follows  directly  (noting  that  as  kl  -»  ±  oc  /xs  is  a  T  function 
of  kR  ): 


njx.  v.  kR.  k{ 


1  r\  S[kirk\) 

2r  i  i  kR  —  kR  —  \Q 


e(k[  -k J  ' 

kR  ~  kR  ~r  iO 


dkhl 


(x. 


y .  k 'R .  k i)  d k 'R  d k [ . 


(56) 


using  (55). 

Taking  the  restriction  h-&  *  A: ,  •  (£  —  fcR)  =  0  into  account  then  the  compatibility  d2ni/’dkl  dk:  « 
d1ni/dkldk]  (i*j)  yields 

•S^-irA^r,)  on  wQ  *  0.  (57a) 


where 


.2”  =  — 

-7,  2 

A'w(7-J 


=  -  c„/[(r  -  /cR( )( r  - r )  -  ( 4;  -  )( 4,  -  *;  )]«( r:  -  k\ ) 

xs(  kl  -(r  -  *R  ))Tt(  kR.  *„  r  >7;(r.  *)  dr. 


The  change  of  variables  ( w0  =  0) 

"  H'  w  " 

R_rr-  *,»  =  -lviX,»  _T'  =  ^wJXlr 

*< 

-"iX,,-  7  =  - . «• 


(57b) 


(57c) 


(58) 


gives  a  transformation  (/cR.  A  ,.  4)  — *  ( x ■  w'  >  from  3n  -  2  variables  to  3n  -  2  variables  (note  we  have  the 
restrictions  £:  =  k'R  and  w0  =  k{  ■  ( £  -  kR )  *  0  incorporated  into  this  transformation).  Thus  (57)— ( 58) 
implies  (taking  <  =  1  in  (5")) 


_£7) 

*Xi 


-2iir.V,  (7;.) 


(59) 
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and  then  by  integration 

^j7-J(x'.H)dxkdx'.  “«(*■). 

where  u(w)  is  the  Founer  Transform  of  u(x )  with  respect  to  w.  (60)  plays  the  role  of  charactenzing 
suitable  data  T%{x.  w)  as  well  as  reconstructing  the  potential  in  analogy  with  (35).  Namely,  the  LHS  of  (60) 
must  be  independent  of  x  and  j  and  have  appropriate  decay  in  w.  Again  we  note  that  hmX|  _  _  x(7"s  -  £r(  w)) 
is  as  a  function  of  Xr  the  boundary  value  of  an  analytic  function  in  the  lower  (  +  oc)/upper  (-x) 
half-plane  and  vanishing  at  Xr  *  x.  This  allows  (60)  to  be  obtained  directly  by  using  the  same  ideas 
discussed  earlier. 

Next  we  show  how  the  inverse  data  described  earlier  i.e.  T{kK.  k j.  £).  TL(kR.  A: , .  £).  Ts(kR.  k}.  £)  for  the 
general  case  and  limit/reduction  cases  can  be  related  to  scattenng  data.  In  the  limit  (L)/reduction  (S)  case 
scattering  theory  has  a  clear  physical  meaning.  In  the  general  case  we  shall  define  formal  scattering  and 
show  how  time  dependent/independent  physical  scattering  can  be  recovered  as  special  cases.  Naturally  one 
can  derive  these  latter  results  ((L). (S'))  directly.  Since  such  an  analysis  is  essentially  identical  to  the  general 
case  and  will  be  omitted.  .Also  remark  that  such  formulae  for  the  time  independent  case  was  originally 
derived  by  Faddeev  [10]. 

We  begin  by  defining  a  “left-Volterra”  operator  in  terms  of  a  Green’s  function. 

GVU.  y.*)-^e(  v) / (61) 

where  k  =  kR  -  iAc,  and  we  will  require  aR  <  0  for  convergence.  Then  for  functions  u(x.  y)  of  compact- 
support  in  both  x  and  y  (a  much  wider  function  class  is  allowed  in  the  limit/ reduction  cases): 


TAx.*)-(f 


tf(Xi.-Xi,)  0(xi,-XiJ 
Xr,  “Xr,  ~i0  Xr.  ”  Xr  +  l0 


>iv(x.  y.  k)  -  1  -  G^{ufiv)(x.  y.  k). 


(62) 


The  scattenng  function  is  defined  by  the  limit  y  -  x  of  (62)  (as  y  —  —  x.  — >  1): 

y./c)  -  1  * / d«e,^<*,t:-:*’f>,/Bi(ArR./:1.n. 

S{kK.kt.t)-^  Jf  c-'i-x-,(S~ikmi»'/'(uiiv){X'y.k)dxdy. 
or.  by  changing  variables  £  — 1 >  £  —  kR. 

S(  k  R.  k , .  £  )  =  -£■  if  ‘  uu^  )( x.  y.  k  )  dx  dy. 


(63a) 

(63b) 


(63c) 


where 


4 (  x .  y .  Ac  R .  A  [ .  £  )  =  i.x  •(  £  —  A:  R )  —  (  £  ‘  —  A-  R  —  2  i  A'  [  •(  £  —  A:  R  ) )  y/o . 


(63d 
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The  eigenfunctions  p  and  are  related  as  follows: 

[n  -  H  J  -  G{  uy  )  -  Gj  uy  J  «  G, (  u(y  -  Mv))  ■‘■(G  -  Cv)(  uy).  (64) 

Using  (20)  and  (61)  we  have 

_  /" 

(G- Gy)(x.  y.kR.k,)~ - 1  f  (65a) 

hence 

(G-Gj(uy)- j,e^*-*-*«'*-<»©(-j(i))7’(*R./rI.|)di.  (65b) 

where 

r{  kR,  kt,  {)  =  — J  J  e~6(A'  •*)( uji)(  x<  y.  kK.  &,)  dxd  y.  (65c) 


Note  when  5(4 )  =  (£~  ^r0i/0r):  —  (&,  —  ^i0i/°r):  =  0-  Then  /6(.x.  y.  UR.  k |)  ■  /6(j:.  y,  /:R.  U,.  £)  and 


t(kR.k ,.$)-  T(kK.kt.i)  (see  22). 

Then  employing  the  symmetry  condition  on  Gv, 

e-a<*.  .•  jc.  >■.  *R.  *,)  -  G,(x.  v.  £.  it,)  (66) 

(which  is  verified  directly),  we  have  from  (64)-<66) 

(n-tiJ(x.v.kK.kl)-fc*,x-'-i'-i'-ne(-s(('))f(kR.kt(')iiv{x.)-.t'.kt)d$'.  J67) 

Multiply  (67)  by  ( C„/a ) u( jc.  v  )e-^'t.i. ta^e  j  f^X(jy  Then  we  find  with  the  definitions  of  T.  S 
(63.65) 

fuR.^.o-iUR.  *,.£)-  fe(-s((’))t(kK.kl.i’)s{s\kl.z)df  =  o.  m 

(68)  yields  7"(A:R,  U,.  £)  given  the  “scattering  data"  S(/cR.  £)• 

The  limit/reduction  cases  now  follow  immediately.  For  o  -*  i.  oR  <  0 

(3  -  PL{x.  v,  £R.  J)  =  i( x  •(£  -  *R)  -  (  f-  -  k{  ) y).  (69a) 

5  -*  SL(  kR.  £)  =  -i C„J J '•*■>•«’(  u^)(x.  v.lfcR)dxdy.  (69b) 


Note  in  (69a)  PL(  x.  y.  kR.  £)*=  pL(  x.  y.  kR.  k^  £)=  \(x  lyki)- (£  -  kK)  on  the  “shell"  5L(£)  =  (£ 
A’,)'-(A:R  A.-,)*  =  0.  In  (69b)  y^  is  defined  by 


Mv( .  *•  .v.  ^R  )  **  1  C\L(  )(  x.  \  .  kR). 


(69c) 
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where 

Gvl(jc.  v.JtR)- -iCne{y)fK  c-f--<f:*2*R-Ovd4.  (69d) 

is  not  a  function  of  k:  hence  neither  is  S  =  S(kK.  £).  Similarly: 
f-tL(kR.kl.i)‘iCnff  c-^*'  jc.  v.  k^.kjdxdy.  (69e) 

Thus  we  have  the  scattering  relationship 

fL(kK.kl.i)msL(kK.o-  fei-sL(i'))tL(k^.k,.i')sLU'.adi'  =  o.  m 

Again  given  the  scattenng  function  SL(kR,  £)  in  principle  we  can  obtain  T,J kR.  &  ,.£)  from  (70)  and  this 
equals  TL(kR.  kly  £)  (see  (41)1  on  sL(£)  =  0.  For  the  time  independent  (reduction)  problem  we  make  the 
observation 

Namely  G‘(x.  k  is  identical  to  the  standard  outgoing  Green's  function  (which  is  also  analytic  in  the  upper 
half  s  =»  |X:R j  plane.  Thus 

Msv(*.  ^R)  ~  F-U.  kR).  (71b) 

Using  /  e  ~  ‘ v<  €  ‘  ~  ’  dv  -  2rr$({:  -  k'R).  we  have  the  identifications  when  u(x.  y)~  u(x) 

SL(kR.a~  )A(kK.D.  (71c) 

fl(k„.k,^)^iCn.iS{i2-kk)Ti(kR.kl.i).  (71d ) 

where 

A(k  R.£)“<  f  e~‘x'[(~An>(un^)(x,  kK)dx  (71e) 

and  rs(/tR.  k,.£)  is  defined  by  (55b).  Then  (70)  reduces  to 


TJkR.k,.i)~A(kR.i)-iCn.:  f8(kr(kR-t'))8U‘:-ki)T,lkK.k,.t')Al£’.()di’-0. 

(r2) 

on  £:  —  k (72)  was  obtained  by  Faddees  [lOj  in  his  studs  of  the  time-dependent  Schrodinger  problem 
and  serves  to  relate  the  physical  outgoing  scattering  amplitude  to  the  "inverse  data"  TykR.  k{.  £)  (also 
called  the  nonphysical  scattenng  amplitude  i.  Vv'e  reiterate  the  fact  that  the  denvation  above  could  be 
earned  out  directly  on  the  time-dependent,  independent  Schrodinger  operator  without  any  recourse  to 
"generalized  scattenng"  as  we  have  introduced  it  here. 
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3.  Concluding  remarks 

(i>  T(kR.  kj.  Z)  (and  TL(kR,  kv  £).Ts(kR.  A',.  £))  satisfy  a  quadraticallv  nonlinear  differential-integral 
equation  when  n  >  1;  i.e.  (31)  (and  (46).  (57)).  The  fundamental  feature  of  this  equation  is  that  it  leads  to 
characterization/admissibility  criteria  for  the  inverse  data.  However  at  the  same  time  it  precludes  the 
existence  of  a  simple  time  evolution  of  the  data  i.e.  7(’.;)*  7(*.0)e’"'.  Such  simple  flows  are  associated 
with  the  KdV,  KP  etc.  equations.  Hence  this  result  provides  still  another  explanation  for  why  local 
nonlinear  evolution  equations  have  not  been  associated  with  the  multidimensional  scattenng  problem  (141. 

(ii)  Eqs.  (35)  and  its  limit /reduction  cases  (49).  (60)  provide  charactenzation/admissibibty  criteria  for 
the  inverse  data  and  a  reconstruction  formulae  for  the  potential  in  the  same  formula.  Even  for  the  classical 
problem  of  the  time-independent  Schrodinger  operator  (cf.  [10.  11]  our  eqs.  (60)  yield  some  novel 
information:  it  shows  that  Faddeev’s  characterization  (with  which  it  is  essentially  equivalent  cf.  [8c]) 
naturally  arises  as  an  integral  equation  for  7,  a  somewhat  more  convenient  condition  to  verify  than  his 
analyticity  requirement:  it  also  shows  that  once  7  is  known  the  potential  can  be  found  purely  by 
quadratures.  The  scattering  data  are  related  to  the  inverse  data  via  the  formulae  (68).  (70).  (72).  For  (70). 
(72)  the  scattenng  amplitudes  are  physically  relevant  and.  in  principle,  measurable.  It  is  an  open  and 
important  problem  regarding  how  one  could  measure  the  scattenng  amplitude  and  at  the  same  time  ensure 
that  the  inverse  data  resulting  from  (70).  (72)  will  still  be  admissible  even  when  small  errors  are  present. 
Namely,  how  can  one  adjust  errors  in  data  in  order  to  ensure  admissibility. 

(lii)  Although  here  we  have  discussed  the  analysis  for  the  generalized  Schrodinger  scattenng  problem,  the 
algorithm  also  works  other  operators  in  a  straightforward  way.  In  [8b]  the  scattenng  problem  (see  (v)  in  the 
introduction): 

(iv) 

l\  -  o  Y  J,vx  -  q(x.  y)v. 

/-i 

with  a  =  <rR  a-  icr,.  x  e  R".  y  e  R.  can  N  x  N  matrix,  and  J,=  diag  (7/ . J/v).  Again  results  analogous 

to  (31)  follow;  i.e.  the  scattering  data  satisfies  a  nonlinear  equation.  On  the  other  hand,  (iv)  is  one  of  the 
few  operators  that  has  a  compatible  time  evolution  operator  and  hence  a  Lax  pair  describing  a  nonlinear 
evolution  equation  in  multidimensions:  the  so-called  A'-wave  interaction  equation.  But  the  A'-wave 

equations  can  hold  only  if  certain  restrictions  are  put  on  7/:  namely  that  the  vectors  J'  =  ( J-i . /„') 

are  all  colinear.  In  this  case  the  coefficient  of  the  nonlinear  term  m  the  equation  for  7  vanishes  -  i.e.  the 
analogy  to  (31)  is  now  purely  linear  and  it  allows  a  simple  flow  in  time  and  the  A'-wave  equation  follows 
and  is  solvable  by  1ST.  Nevertheless,  despite  the  fact  that  the  A'-wave  equation  is  formally  multidimen¬ 
sional.  new  variables  may  be  introduced  to  reduce  the  problem  to  two  spatial  dimensions.  The  colineanty 
of  the  vectors  J'  allows  a  reduction  to  three  spatial  dimensions  [8b]  and  the  introduction  of  appropnate 
charactenstic  coordinates  further  reduces  the  A'-wave  equation  down  to  two  spatial  dimensions  [14],  Apart 
from  this  special  case  the  analysis  suggests  there  will  not  be  other  local  nonlinear  evolution  equations 
compatible  with  (iv >  (see  also  [15]). 

(v)  Prototype  operators  such  as  those  discussed  in  this  paper  provide  a  convenient  testing  ground  for  the 
development  of  scattenng  (and  also  1ST)  theones  wtuch  one  hopes  can  also  be  applied  to  other  phvsicailv 

interesting  models. 
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note  on  the  inverse  problem  for  a  class  of  first 

ORDER  MULTIDIMENSIONAL  SYSTEMS 
A. I.  Nachman*,  A.S.  Fokas1  and  M.J.  Ablowitz1 


ABSTRACT.  The  inverse  problem  for  a  multidimensional  svstem  of 
first  order  differential  ecuations  is  considered  The  *  method¬ 
ology  is  employed  and  integral  eouations  are  developed  for  which 
the  potential  may  be  reconstructed. 


In  recent  years  there  has  been  substantial  interest  in  tnc  study  of:  (a) 
inverse  scattering  problems  for  appropriately  decaying  potentials  (i.e.  given 
suitable  scattering  data  reconstruct  the  potential  q(x));  (b)  the  initial 

value  problem  of  certain  pnysically  important  nonlinear  evolution  eouations 
li.e.  given  q(x,0!  find  q(x,t)).  In  this  note  we  snail  consider  the  inverse 
problem  associated  with 


n 

C  U.v  *  qy, 
c«t  *■  *2 


(i) 


where  q(xg,x)  is  an  N  x  N  ma tri x-va lued  off-diagunal  function  in  l<n  1  and 
J  are  constant  real  diagonal  N  x  N  matrices  (we  denote  the  diagonal  entries 

A. 

of  J£  by  Jp, . . .  ,J, ).  We  note  tnat  the  methods  presented  here  can  be  easily 

extended  to  the  svstem  .  *c  -  J..  *  qv ,  e  »  cB+ic,,  which  as  a,  -  D 

xQ  E.S1  £  •  1 

becomes  the  linear  eigenvalue  problem  associated  with  the  so  called  N  wave- 

interaction  equation  in  n*l  spatial  dimensions  (see  [1]).  Associated  with 

(1)  is  a  nonlinear  evolution  equation  (a  complexified  form  of  the  N-wave  eoua- 
tion)  which  is  in  a  sense  illposed.  Nevertheless  (1)  provides  a  natural  scat¬ 
tering  system  to  study  with  the  methods  at  our  disposal. 

Using  the  transformation  uj(xj,,x,k)*u(xQ,x,k)exp(iSk,,  ( x,-i  x^U£) ) ;  k  c  C^, 

we  may  al ternatively  consider  the  system 
n 

v .  ♦  I  (iu.u,  -  *  qw-  (2) 

*0  2*1  e  Ki  1  1 


Equations  (1),  (2)  are  natural  extensions  of  well  known  problems: 
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i)  In  one  spatial  dimension,  i.e.  n»0,  (1)  would  correspond  to 

*  ikJg,  »  qlx-lo,  -»  <  xn  <  •.  (3 

*0 

The  transformation  b(x^,k)  *  u(xQ,k)e''k^xCl,  k  c  t  leads  to  the  system  of 
differential  equations 

u  +  ik[J,u]  *  qu.  (4 


The  function  u(Xg,k)  has  aesiraole  analytic  properties  in  k,  provided  that 
q  is  in  an  appropriate  space.  Utilization  of  these  analytic  properties  leaos 
to  the  formulation  of  a  Riemann-Hi lbert  (RH)  problem  for  the  solution  of  the 
inverse  proolem  associated  with  (4).  The  2x2  case  has  been  studied  in  [2], 
[3];  it  can  be  used  to  solve  the  initial  value  problem  of  the  nonlinear 
Scnrtidinger,  Sine-Gordon,  and  modified  Korteweg-deVries  equation.  The  3x3 
case  was  studied  in  [4];  it  can  be  used  to  solve  the  initial  value  problem  of 
the  3  wave  interaction  (a  review  of  the  above  work  appears  in  [5]).  Recently 
the  N  x  N  case  was  studied  by  a  number  of  authors  and  in  a  completely  rigorous 
manner  by  Seals  and  Coifman  [6.7]. 

ii)  In  two  spatial  dimensions  (i.e.  n*l  )  equations  (1)  and  (2)  were  studied 
in  [8].  The  Inverse  problem  was  formulated  and  formally  solved  in  terms  of  a 
D8AR  (o)  problem  (a  e  problem  generalizes  the  notion  of  a  RH  problem).  The 
2x2  case  of  this  inverse  problem  was  used  to  solve  the  initial  value  problem 
of  certain  nonlinear  evolution  equations  in  two  spatial  and  one  temporal  dimen¬ 
sion:  the  Modified  Kadomtsev-Petviashvi 1 i  II  (MKPII),  and  Davey-Stewartson  II 
(CSII)  equation.  The  hyperbolic  analogs  of  (1),  (2)  (i.e.  J£  -  i  J  £ ) )  in  two 

spatial  dimensions  (i.e.  n*l)  was  studied  in  [9],  The  inverse  problem  in 
this  case  was  adequately  treated  via  a  RH  problem;  it  was  used  to  solve  the 
initial  value  problem  of  the  N  wave  interaction,  MKP!  and  DSI. 

The  solution  of  the  inverse  problem  associated  with  (2)  has  two  aspects: 
(a)  develop  a  formalism  sucn  that  given  appropriate  inverse  data  T^fk.A)  one 
may  reconstruct  the  potential  q ( Xq , x ) .  (b)  It  turns  out  that  T’^(k,A)  de¬ 

pends  on  3n-l  parameters  while  the  potential  depends  only  on  n+1.  Thus  one 
needs  a  characterization  equation  that  restricts  the  scattering  data.  In  this 
note  we  only  consider  (a)  above  by  extending  the  method  of  [6,10],  question  (b) 
is  considered  in  [1 ]. 

In  comoonent  form  equation  (4)  is  written  as: 

(Lu)' J  *  (qu)iJ"  .  (5) 

The  specific  eigenfunctions  we  shall  work  with  are  defined  by  the  integral 


equations : 


I  *  G(qu) 


Ti.UIUUPp 


I 
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or 


u'j(x.0x,k)»6.;  +  J  ^  01J(xc-y0,x-y,k){q(y0,y)u(y0,y,l())1':iay(;Oy  (6b) 


where  6^  is  the  usual  Kronecker  delta  function.  The  Green's  function  sat¬ 


isfies:  (LG),J  ■  6(x0-yQ)6(x-y)  and  is  given  by: 


sgn( ) 


GU(x0,y0,k)  *  - - - e 

0  0  2ri(xrijj  xQ) 


ij,.  ..  .  ,  !!  Ji 


ia  J(x_,x,k)  x  Hk. 


t*2 


TT  *1  \ 
J1 


where 


xtktn 


a1J(x.,x,k)  •  I  (J1.  -  J’jKx-.k.  -  — *-£)  . 
0  t*l  1  1  U  H  Oj 


(7) 


(7)  is  obtained  by  looking  for  a  Fourier  reoresentation  of  the  Green's  function 
whereby  one  finds: 


GiJ(x0,x,k)  «  — — 
0  (2*) 

(7)  is  then  calculated  by  using: 

.U* 


i(x0E0+x-E) 


n+T  J 


ji)] 


dE.0e>C-  (8) 


rra'-Mb  dS  *  2if’  sgn(x)e"’ e(-xb) 
f  c(crid)Edr  .  sgn(c)  (c*id)A/  .  c  t  D 

W  V  c+,d 


‘  cE<A 

where  the  heaviside  function  is  defined  by:  6(x)  *  {1,  x>0;  x,  x<0).  We  next 


show  that  3u /.r  (where  J/.r  *  i(3/3k-+i a/ 3k„, ) )  can  be  exbressed  in  terms 

dKp  C)Kp  L  PK  pi 

of  u.  From  (6a)  we  have 


5/, 


ii!_  .  i£-<qu)  ♦  G(qi*-) 

3i  3k  ak 

p  p  P 


ana  by  direct  calculation 


,,i  j  J1  -  x  .  , 

—  ■  i(-g-l-E)(xn  *  i  -f  )GU 

3k  c  w  r 

p  p 


.iiij.ii  f 


x — - - r—  i  S(  C  J,  A„)e 

?  (2r)n  Jpn  t*l  £  1 


iS  a  ( x„ .  x ,  k ,  A ) 


dX 


(9) 


(10a) 


(10b) 


where 


e’^XQ.x.k.X)  ■  alj(x0,x,k)  *  I  x^  . 
Defining  the  scattering  data: 
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(It  ),  )  *  f  p 

'  '  J-n+l  e 


■•>S1j(y0,y,k.A) 


(9)  may  be  written  in  the  form: 

i..  1  <j!  -  J»)  r  n  .  iE^(xn,x,k,A)  ,, 

(^-)’J(x0,x,k)  .  -  i— I E - 6(1  jlx  )*  0  T1J  (k.A)dA 

ik  0  ‘  (2Tr)n  V  £.i  £  1 


(flu)  J(y0.y.k)dy0dy  (11) 

<  e  *  J  t »  »  l  i  1 


*  n+1  G  JU0-y0,x-y.k)(d  “_)  :l(y0.y.k)dy0dy.  (12 

R  3k 

P 

In  order  to  express  3u/5kD  in  terms  of  y  we  decompose  3u/3k  into  fundamental 

^  n  " 


matrices  M  , (x«*x,k,X)  on  :  «  0: 

vv  j  £«  ]  L  1 


Mw.(x0.x.k,X)  •  e’6  (x0>*’lt’X)Evv,  *  G(qMyv,)(x0,x,k)  (13) 

where  the  elementary  matrix  E  has  components: 

ov 

ii  1  vi .  v'*j 
(E  .)  J  * 

0  otherwise 


(X  x.k)-  :  (-  l)- 

IV  U  :  t  \  ^  e  1  L 


„S(  I  jv.  „1.W  (x0.x,k,A)iw'(ka)E  dx 

Bn  o-l  *■  W 


♦  G(q  ■2ii-)(xn,x,k) 
5'kp 


and  hence 

3u 


,K(JP-JP  5 


-*  :  I  n5C  J'^X  )Tvv(k.A)M  (X  0,x,k,X)dX.  (14b) 

3kp  v,  v '  *  1  £  (2r)n  Jpn  1  1  E  w  U 

From  (14)  it  is  clear  that  the  only  nontrivial  combinations  come  from  columns 
of  (3u/3kp)1J  such  that  j*v'.  Letting  (nvj)rj  *  (Mvj)r^e*'®  •  we  have 


i\j)  (V*>k)  *  4 


rv  ]  -n+1 


j-ie^tXjj.x.k.x) 


X  Grj(x0-y0,x-y.k)e1£"  }  (qr^  )rj  (yQ.y  ,k)dy0dy  (15) 

The  fact  that  the  Greens  function  admits  the  following  symmetry  condition: 


-ievJ(x0.x.k,x)>_r,( 


G1"*  !xp,x,k)  *  Gr'v (xg  ,x,lcw^  (k,x) ) ,  on  Z  J^x„*0,  (16a) 


where 
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„  J"  n 

kvn(A.A )«(-  “JLR»X£.k£I)£,1 . n.  with  satisfying  S  Ojxt« 0.  06b) 


(16b )  immediately  gives: 


(r,vj)rJ  (xq.x.L)  *  wrV(x0,x,kv^(k,X)) 


whereupon  from  (14)  we  have 
,v  ,v 


x  1  (Jo'Jo  >  f  "  ,  18W(*fl,x,k.X) 

iMx0.x.O  ■  I  {-  y)  ■  P  *„■  „&(  Z  J£X£)TW  (k.k)e  ^ 

3k  0  v.v‘  2  (2r)n  V  ft  £  £ 


v  u(xQ.x,ruv  (k.X))Evv,  dX. 


(17) 


It  should  be  noted  that  (16a)  is  suggested  by  the  transformation  between 
bounded  eigenfunctions  of  (3).  To  see  this  explicitly,  note  that  if  ii  is  a 
solution  of  (3)  then  so  is  ipE^,.  and  therefore  the  function  vUg.x.k)  * 

*rE^,  expHtkjlXj-iXjjJj))  satisfies  (4).  But  since  the  function 
u(x0>x.h)exp(iEh.(xt-ixQJi) )  also  satisfies  (4)  we  have  the  transformation  law. 

Vv'Vl^  *’  "  k2.^x2."i 


1*1 


£*1 


v(xQ,x,k)  *  u(xQ,k.h)e 
For  boundedness  we  require: 

Ren  ^[(h£-k1)x£-(htJj-ktJ£  )ixQ])  *  0 


hence: 


for  any  X£  on 


h  *  kv  (k.X)  *  (  £  k£R  +  X£,  kjjJj.j . „ 


t*l 


Vi  *  o. 


(18) 


(19) 


(20a) 


(20b) 


Finally  the  reconstruction  is  effected  by  inverting  3u  one  variable  at  a  time: 

|^-(x0,x.kr...k^,...kn) 

-  dkl  dk’  (21) 


u(x0,x,k)  *  1  ♦  [f 


k„  *  k’ 
P  P 


and  using  (17)  to  obtain  a  linear  integral  equation  for  u-  Asymptotically,  as 

122) 


kp  -  -,  (21 )  yields 

*  '  1  *  ^  IJ  %  U0’*’kl . “f . 

On  the  other  hand  substituting  the  asymptotic  expansion 

u(1)  *  ... 
p 


into  *.4)  gives  the  relation: 


Q  *  -tJp.u(1)j 
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from  which  we  have  the  formula: 


qUg.x) 


. .  ,k' . k„)dk'  die'  ,J  ], 

p  n  Pr  pi  p 


(23) 


with  (17)  used  in  (23). 

formulae  (77),  (21  ),  (23)  can  be  used  for  the  reconstruction  of  qUg.x). 
At  this  point  one  needs  to  show  that:  (a)  q(xg,x)  given  by  (23)  is  independ¬ 
ent  of  lt1 . k  r  kp+1 . kn;  (b)  the  same  q(xQ,x)  is  found  regardless  of 

which  inversion  formula  is  used  (p*l . n);  (c)  there  exists  a  restriction  on 

the  scattering  data  T1J(k,A),  which  has  3n-l  parameters  whereas  q(xg,x)  has 
only  n*l .  It  can  be  easily  shown  that  (i),  (ii)  are  equivalent.  Furthermore 
there  exists  a  characterization  equation  restricting  the  scattering  data  T1^, 


this  equation  is  given  in  [1], 
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In  an  earlier  paper  nonlinear  evolution  equations  associated  with  a  Riemann-Hilbert  scattering 
problem,  which  reduces,  in  an  appropriate  limit,  to  the  Zakharov-Shabat-AKNS  scattering 
problem,  were  considered.  Here  we  discuss  certain  necessary  constraints  associated  with  the 
scattering  problem  and  their  impact  upon  the  associated  evolution  equations.  Moreover,  the 
direct  linearization  of  the  nonlinear  evolution  equations  and  an  algorithm  to  construct  an 
A’-soliton  solution  are  given. 


1.  INTRODUCTION 

The  inverse  spectral  (or  scattering)  transform  (1ST) 
method  is  a  well-established  technique  to  solve  and  investi¬ 
gate  certain  nonlinear  partial  differential  equations  of  evolu¬ 
tion  type,  a  number  of  which  are  physically  relevant. 1 

Attention  has  been  recently  given  to  the  intermediate 
long  wave  (ILW)  equation2-7  because  it  brings  into  the  field 
some  novelty:  that  is.  it  is  an  integrodifferential,  rather  than 
purely  differential,  nonlinear  equation,  that  is,  integrable  via 
a  spectral  problem  based  on  a  differential  Riemann-Hilbert 
(RH)  boundary  value  problem  rather  than  an  ordinary  dif¬ 
ferential  equation.  Moreover,  the  ILW  equation  depends  on 
a  parameter  which  we  call  77,  in  such  a  way  as  to  coincide,  as 
77  vanishes,  with  the  Korteweg-de  Vries  (KdV)  equation,8 
and.  as  77  goes  to  infinity,  with  the  Benjamin-Ono  equa¬ 
tion.4-" 

In  analogy  with  the  well-known  connection  between  the 
Korteweg-de  V'nes  equation  and  the  modified  Korteweg- 
de  Vnes  equation,  a  modified  ILW  equation  (whose  77— 0 
limit  is  the  modified  KdV  equation  1  has  also  been  introduced 
and  investigated.1"13 

Further  progress  in  this  direction  has  been  made  by 
extending14  the  class  of  intermediate-type  long-wave  equa¬ 
tions,  and  by  introducing1516  an  intermediate  version  of  the 
Kadomtsev-Petviashvili  equation17 1  whose  77— *0  limit  is  of 
course  the  Kadomtsev-Petviashvili  equation |. 

More  recently,18  a  class  of  matrix  nonlinear  integral 
evolution  equations  was  generated  through  the  following 
2x2  matrix  spectral  problem: 

\L~\xs)  —  G[xj)tl>~{x£),  xeR,  (la) 

G  ixurlss/  4-  zo-3  -r  U (x),  (lb) 

where  I  is  the  identity  matrix,  <73  =  ( '0  ) ,  z  plays  the  role 
of  spectral  parameter,  and  U  (x|  is  a  1  complex)  z-independent 
potential  function. 

Given  the  matrix  function  L’lxi.  (It  defines  a  homogen¬ 
eous  RH  boundary  value  problem  on  a  strip  of  the  complex  x 
plane.  The  matrices  ib-\xj\  are  the  boundary  values  of  a 
function  V  ixjri  holomorphic  in  the  horizontal  strip  between 
Im  x  =  0  and  Im  x  —  77: 

tf~U^islim  <Pix  -  iy^),  xeR.  (2a! 

y  iO 
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it  (x,z)=lim  "#Mx  +  iyj),  xeR.  (2b) 

yll) 

It  turns  out  that  ¥  (x.z)  can  be  written  as 

tf'(x,z)  =  exp[  —  i£[z)x)(—  f  coth  ^-\x'  —  x! 

\2it7  J  _  1 77 

Xh  (x'j\dx'  -r  const  j,  0<Imx<77,  (3) 

where 

exp[77^(z)]  =  I  +  zay  and  k  {xjj,  defined  by 
h  {xj)  —  —  (/  +  za>)~ '  exp[i£ \z)x)U (x)t/»*(xut)  (4) 

is  Holder  continuous  on  xeR  and  satisfies  the  condition 
j SZ  m  A  {x^\dx\  <  00 .  Moreover,  formula  (31  implies  the  fol¬ 
lowing  periodicity  condition: 

tf~{xx)  =  [Eib~)[xj),  (5a) 

where  £  =  exp(i77  dx )  is  the  formal  shift  operator 

(£/)(x)  =/(x  +  IT?).  (5b) 

It  was  shown  in  Ref.  18  that  the  linear  problem  (1)  and 
the  associated  class  of  evolution  equations  reduce,  in  the  lim¬ 
it  77—43,  to  the  generalized  Zakharov-Shabat-AJCNS  scat¬ 
tering  problem19  and  to  the  associated  class  of  nonlinear  evo¬ 
lution  equations. 19  20  Moreover,  for  the  class  of  nonlinear 
equations  associated  with  (1),  an  infinite  family  of  conserva¬ 
tion  laws  was  derived  and  only  elementary  properties  of  the 
spectral  problem  were  essential  for  that  derivation.  In  fact 
the  emphasis  in  Ref.  18  was  mamly  on  the  novel  nonlinear 
evolution  equations,  such  as  an  intermediate  version  of  the 
nonlinear  Schrodinger  equation,  and  on  their  associated  Lax 
pair. 

In  this  paper  we  present  new  results  concerning  the  RH 
boundary  value  problem  ( 1 )  and  the  class  of  evolution  equa¬ 
tions  associated  with  it. 

II.  THE  BASIS  CONSTRAINTS 

In  the  theory  of  matrix  RH  problems31  of  the  type  ( 1 )  an 
important  role  is  played  by  the  determinant  of  G  (xjr).  In  our 
case 

det  G  (x,z)  =  1  —  z1  —  z  tr(cr3 U  (x))  +  tr  U (x)  •+■  det  U (xl. 

16) 

Ail  the  results  of  this  paper  are  derived  when  the  potential 
matrix  U  (x)  is  subjected  to  the  following  two  scalar  con¬ 
straints: 

trl<T3£/(x))  —  0.  (7a) 
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B.'\-  V 


trC(*l  +  detC(;cl  =  0,  (7b) 

or  equivalently 

U[x\  =  \T  -  Q  -1  +  2  W.  (8) 

where  Q{x\  is  the  off-diagonal  pan  of  C/  (jc).  In  this  case  the 
determinant  of  G  Ucjrl  takes  the  panicularly  simple  form 

det  Glx^l  =  1  -  r,  19) 

independent  of  x  with  the  following  imponant  conse¬ 
quences. 

(ii  The  matrix  G  ixs!  is  invenible  for  every  xeR;  this  is  a 
necessary  condition  for  the  solvability  of  (1). 

liil  The  total  index  k  of  the  matrix  RH  problem  (1)  is 
zero,  since 

k  =  (2r)~  '[argfdet  <j(Jt.z))]  (10i 

where  [ 8  ix| ]  *  _  =  #(«)  —  d{—  oc  i. 

Then  an  important  theorem  due  to  Gohberg  and 
Knein::  shows  that  “genencally’’  the  two  panial  indices  #r,, 
k~  oc  =  *-,  —  *,i  are  both  zero.  This  fact  guarantees  the  exis¬ 
tence  and  uniqueness  of  a  bounded  fundamental  matrix 
V  i* _ri  associated  with  ( 1 ). 

111.  THE  REDUCED  CLASS  OF  EVOLUTION  EQUATIONS 

The  existence  and  uniqueness  of  bounded  solutions  of 
1 1  can  be  used  in  the  construction  of  the  1ST  method  for  the 
class  of  evolution  equations  introduced  in  Ref.  1 8.  if  and  only 
if  the  constraints  17 1  are  compatible  with  the  evolution  equa¬ 
tions  themselves.  It  will  be  shown  in  the  following  that  this  is 
indeed  the  case.  Hence  the  constraints  (7),  introduced  as  re¬ 
quirements  for  the  solvability  of  11 ).  are  m  fact  a  reduction  of 
the  class  of  equations  introduced  in  Ref.  18  to  the  following 
class  of  matrix  nonlinear  evolution  equations: 

Q,=o^a~\Q~  1111 

where 

1  -  Q-2F- iQ£-'[[QJr}/s  1  -Q- 11. 

il2) 


where  L  V3,  defined  in  Ref.  18,  is  written  here  in  the  follow¬ 
ing  more  convenient  form: 

L  V,2  -  iii2  -'-el  if.  -  \{i3  -  1 1(7, .  ( 17) 

in  terms  of  the  diagonal  and  off-diagonal  matrices  Fm  pci  and 
G„  [x\,  respectively,  which  are  constructed  through  the  fol¬ 
lowing  recursion  relations: 

=  -*,((!  +  Uc)Fn^\\SG.,Q\-\[Gm,Q\), 

i  18a) 

«*3(1I^.CI  -i‘/2)[3-'F„,Q) 

-~\i/2)\2GnM  4-  U')\  -![<?„, Cc]),  (18b! 
F,  =0.  Gi  =  2Q,  (I8c| 

where  [ ,  ]  and  j  ,  J  are  the  usual  commutator  and  anticom¬ 
mutator  between  matrices  and  Uc  is  the  diagonal  pan  of  V. 
The  class  of  evolution  equations  is  obtained  by  replacing 

6Uw/b„  by  U,. 

Using  Eqs.  (15),  (17),  and  (8),  one  can  show  that 

8L""‘  —  1  (2n  1  -  Qir[Q,&Q,'"\  —  5Q,n' 

Q  :(tr  F  I  - , 

=  -  ■  — . .  -\1  tQ‘ 

2V1  ~Q- 

xf-F. - ===r[G.a„]Y  (19) 

V  2v'l  +Q-  J 

Moreover,  if  IS  i  holds,  one  can  prove  by  induction  that 
the  recursion  equations  i  1 8 1  decouple  in  the  following  way: 

F,  =i2v7T£V  [Q,Gn],  (20a. 

G, .,~JfGm.  G,  -  2Q.  (20bi 

Then,  from  !19i  and  (20ai.  one  immediately  gets 

bV"  =  i2N'l  -e:r'lC.6G'"l  +6Qm.  (21! 

From  1 1 5 1.  (17).  and  (20!  one  finally  obtains  the  evolution 
equations  ill)  and  from  1 1 6|,  1 1 7),  and  1201  one  gets  the  corre¬ 
sponding  time  evolution  of  function  t /■, 


F  is  off-diagonal,  yty .  is  an  arbitrary  polynomial  in  y,  and 


tlF  =  —  (  y  :’L  "  ~;<7,  rV,  It/' 


\2  A’jcisb- 


V 


dy )  sinh 


-tv  -  X) 


\2~'f)ix  is - 

V  ■ 


dy  coth|  — y  —  jci 
V 


2  l/r0 

i  1 3ai 

where 

(I3bi 

Lo-x  — 

-  id 2  ~ 

-  \i2  — 

'  -  l>(k  1  • 

i'll) 


(23) 


In  order  to  show  that  (8.  is  a  reduction  for  the  class  of  an(j  ^e  polynomial  y\y\,  introduced  in  111),  is  taken  to  be 
evolution  equations  associated  with  1 1 one  has  to  show  that  y^vi=a  v". 

the  set  of  the  matrices  L  satisfying  <8 1  is  closed  with  respect  ThefirstthreeequanonsoftheclassilllareiseeRef.  18! 

tc  the  elementary  deformations  bU""  such  that  the  following: 


5 t/,=  =  B  -  r  -  .  Namely,  one  has  to  prove  that  if  Cui  satis¬ 
fies  '8 1  then 

<5C  "  =  ,2\  I  -  Q'  -'\Q.bQ'n  \  'i41 

In  Ref  18  it  was  shown  that  the  elementary  deforma¬ 
tions  <5C" .  such  that  <3t/'  -  *  B  -  if  - .  are  given  by 

Si’"'  =  6,  i ((£  —  lil  V3)(I  -  C'i-  [LV,,r];.  « 1 5- 

with 

B~\x^\  —  b„  T  L'"-oyc.  b„  arbitrary  constants. 

•To 

;16i 


til  an  intermediate  wave  equation 

n,,=  /_),)■  ort. 

(24ai 

v.  =  cN  1  -  pi"  3v.  u  =  \  1  —  pi" ; 

liii  an  intermediate  nonlinear  Schrodmger  equation 

r  •  (u  ~  1  tpi/-*  \ 

yivl  =  icv".  I  —  I  .  pdR. 

\  III’  U  —  1/ 

,  - „  „  - -  ^  /24b 

n b.  —  c[  \  1  —  p  w  'Fi  (\  1  —  ptlr‘3  t/'i 


J 


4 


V 

*> 


U 

- ^ 
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V.  /V-SOUTON  SOLUTION 


—  pd>2  'Kchti;* 2 \t)\  =  0, 
u  =  y  1  — 

(iiii  an  intermediate  modified  KdV  equation 

y\y\  =  icy2.  U  -  ^  v  u  -  l)’  (‘?eR’ 

t'r  =  cvl  —  pv2  2  [\  1  —  pi'22U,  1  —  pv22v\2  ~'v2v), 

u  -  v  1  -pr.  (24c) 

Taking  the  17— *0  limit  of  Eqs.  (24aH24cl  one  obtains 
the  linear  wave  equation,  the  nonlinear  Schrodinger  equa¬ 
tion.  and  the  modified  KdV  equation,  respectively. 

The  limit  77— -<x  can  be  immediately  performed, 18  re¬ 
placing  2  and  2  ~ 1  by  H  and  —  H,  respectively,  where 

\Hf\ ixisJ-  f  dyyy-x)-'f\y)  (25) 

ir  J  -  „ 

is  the  Hilbert  transform.  We  conclude  this  section  by  notic¬ 
ing  that  Eq.  (24a1  can  be  written  in  the  following  simple  and 
suggestive  form: 

2  ~  '6,  =  c  sin  8,  8=-8{x,t),  (26) 

where  vix.t )  =  ;  sin  8 1 x.t ).  In  the  limit  77—  oc  Eqs.  (26)  be¬ 
come 

HO.  —  —  c  sin  8,  (27) 

which  we  refer  to  as  the  sine-Hilbert  equation,  in  analogy 
with  the  sine-Gordon  equation  8X,  sin  6. 

IV.  THE  DIRECT  LINEARIZATION 

Postponing  to  a  separate  paper  the  presentation  of  the 
1ST  method  for  the  solution  of  the  Cauchy  problem  associat¬ 
ed  with  Eq.  Ill ),  we  now  present  the  direct  linearization 
iDLr324  for  the  class  ill). 

The  DL  is  an  algebraic  approach  based  on  the  existence 
of  a  linear  integral  equation  which  provides  a  large  class  of 
solutions  of  the  evolution  equations  (11:. 

Proposition:  Let  p  -  \x.tjt:  be  the  solutions  of  the  integral 
equations 

p  =  ;x.:s)~  |  u  -  \x,i2\R  - 1 x.ts"'-—  —  —  /.  (28 1 

Ji  z'  —  r 

where  /  and  ds.  in  are  an  arbitrary  contour  and  measure 
R  -  \x.tz\=tb§-  ix.ts\A  iz|(t£<r  '• 

A  in  arbitrary,  (29) 

and  |tf0=  £/ix./|)  is  a  given  solution  of  ill  and  (22) 

:  where,  of  course,  1!'  and  V  are  replaced  by  tb0  and  U0).  As¬ 
suming  that  the  homogeneous  version  of  (28 1  has  only  the 
trivial  solution,  then  the  matnces  t !•- .  defined  through 

r=  x.:jt'=u  -  ‘.x.ts \ii>c  ix. tn.  :30i 

solve  Eq.  - 1 .  if  the  potential  U  \x.t  1  is  given  by 

r 

U\x,t  1  =  C0(x./  1  —  |  [/1 -  [x.;.n/?  ~\x,ix\a-, 

—  o^~{x.ts\R  ~lx.tsi]a/.  in.  i31) 

The  proof  is  direct  and  as  m  the  spirit  of  the  method  as  it  was 
introduced  in  Ref.  23;  the  constructive  procedure  used  to 
obtain  Eqs.  (29i  and  (31 1  is  illustrated  in  detail  in  Ref.  24. 


The  A’-soliton  solution  for  the  class  (11)  can  be  obtained 
by  setting  L'0ix,t )  =  0  (and  then  \Pi(x,:2 
=  exp  [  —  if  lz\x  -r\a„  /l)z"a3t  ] ), 


A,J\  —  $,■„)&({  —  lflmr) 

[8(x)  is  the  usual  step  function],  and 


dR  (z)== 


]T  c.  Slz-Zj),  Im  Zj  >  0, 


1 


-  "^Cj  S(z -Zj),  lmzj<0, 

j-  1 


(32a) 


Im  z>0, 
lmz<0. 


(32b) 


In  this  case  Eq.  (28)  reduces  to  a  27V  th-order  algebraic  sys¬ 
tem;  in  particular,  if  A’  =  1  we  have  the  following  one-soliton 
solution: 


uuix.t )  =  u22tx,:  )  =  (?,—  r,)sinh[77/£,  —  k,)]/d  lx,/), 


un[x.t )  =  c,evK'  ~  V1  [cosh^k,^-*-1*’1 

(33a) 

-  cosh|77^,)e  ~*-tk'']/d  lx,r ), 
u21(x,/  1  =  c,e  ~  _  r\  [ cosh(?7A , 

(33b) 

—  cosh [T)kx)e*-'l‘']/d{x,t ), 

where 

(33c) 

r.suhk,)  =  tan^k,),  z,s=2fk,)  =  tan^/c,), 

(34a) 

d (x,/  )=cosh[77(k,  —  £,)]  +  cosh[d^(^i)  — 

(34b) 

<t>  _  (k  Is2 ikx  —  a„(zik  ))"/  ±y„ 

(34c! 

-c,c,/lz,  —  zl)2^elr‘  ~  “  *■', 

(34d) 

andk;=J  Iml/c,  —  k,)and/c*=j  Reik,  —  it,)  satisfy  the  ine¬ 
quality 

k]  -  k2H  -  iir/2rj)k,  <0. 

(35) 
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Abstract 

The  generalized  wave  equation  and  generalized  Sine-Gordon  equations  are 
known  to  be  natural  multidimensional  differential  geometric  generalizations 
of  the  classical  two  dimensional  versions.  In  this  paper  we  associate  a  system 
of  linear  differential  equations  with  these  equations  and  show  how  the  direct 
and  inverse  problems  can  be  solved  for  appropriately  decaying  data  on  suitable 
lines.  An  "initial -boundary  value"  problem  is  solved  for  these  equations. 


-1- 


In  1967  Gardner,  Greene,  Kruskal  and  Miura  [1]  discovered  that  the  Cauchy 
problem,  with  suitably  decaying  initial  data  on  the  line,  associated  with  the 
Korteweg-deVries  (KdV)  equation  could  be  solved  by  making  use  of  ideas  from  the 
theory  of  scattering/inverse  scattering.  Subsequently  a  number  of  nonlinear 
equations  of  physical  interest  have  been  solved  by  variants  of  this  method, 
often  referred  to  as  the  Inverse  Scattering  Transform  (I'.S.T.).  Accounts  of 
these  techniques,  associated  algebraic  structure  and  amenable  nonlinear  equations 
can  be  found  in  texts  on  th  s  subject  (see  for  example  [2]). 

An  equation  which  fits  into  this  framework  is  the  Sine-Gordon  equation: 


u*+  -  u 
tt  xx 


sin  u  =  0. 


(1.1) 


The  Sine-Gordon  equation  is  of  interest  to  physicists  and  mathematicians. 

It  was  first  solved  by  I.S.T.  in  [3],  In  physics  it  arises  in  the  study  of 
Josephson  junctions,  particle  physics,  stability  of  fluid  motions  etc.  In 
mathematics  it  has  arisen  classically  in  the  study  of  differential  geometry. 

In  this  paper  we  will  describe  a  method  which  enables  us  to  carry  out  the  I.S.T. 
for  certain  nonlinear  n  dimensional  generalizations  of  the  Sine-Gordon  and  wave 
equations (<  =  0)  which  arise  in  the  study  of  differential  goemetry. 

Originally  the  Sine-Gordon  equation  was  derived  in  the  study  of  surfaces  of 

3 

constant  negative  curvature  contained  in  Euclidean  space  R  .  There  is  an 
intimate  connection  between  such  surfaces  and  solutions  of  the  equation.  Indeed 
in  1875  Backlund  [A]  considered  the  following.  Let  M  and  M  be  surfaces  in 
and  be  a  diffeomorphi sm  such  that  for  any  point  p  in  M  and  corresponding 

point  p  =  i(p)  one  has  the  following. 
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(a)  The  line  determined  by  p,  and  p  is  tangent  to  M  and  M  at  p  and  p 
respectively; 

(b)  the  distance  d(p,p)  =  r>0  is  a  constant  independent  of  p; 

(c)  the  angle  between  the  normal  vectors  N(p)  and  fi(p)  to  the  surfaces  is 
a  constant  6  independent  of  p. 

Backlund  proved  that  under  these  conditions  the  surfaces  M  and  M  have 
constant  Gaussian  curvature  <  =  <  =  -  sin  s/r  which  can  be  normalized  to  be 
-1 .  Moreover  he  showed  that  given  any  surface  M  CF  with  curvature  <  =  -1 
there  exists  a  two  parameter  family  of  surfaces  M  with  curvature  <  *  -1 
related  to  M  by  diffeomorphisms  which  satisfy  (a)-(c). 

The  analytic  interpretation  of  these  results  originated  in  what  is  now 
called  a  Backlund  transformation ,  which  provides  new  solutions  to  the  Sine- 
Gordon  equation  from  a  given  one.  Later  Bianchi  [5]  obtained  a  permutabil  ity 
theorem  for  surfaces  which  provides  superposition  formulae  for  the  Sine-Gordon 
equation. 

Motivated  in  part  by  the  work  of  [6]  the  natural  geometric  generalizations 
of  these  results  were  obtained  in  [7,8]  by  considering  hyperbolic  (constant 
sectional  curvature  equal  to  -1 )  n-dinensional  submanifolds  M  of  the  Euclidean 
space  F  .  The  geometric  results  for  hyperbolic  manifolds  Mn  contained  in 
F 2n_1  were  extended  [9]  to  manifolds  Mn  of  constant  sectional  curvature  «1 
(resp.  <<-!)  contained  in  the  unit  spheres  S^n  (resp.  hyperbolic  space  H^n  "*). 
In  particular,  the  zero-curvature  submanifolds  of  the  unit  sphere  correspond 
to  solutions  of  a  generalized  wave  equation  (GWE)  which  is  a  homogeneous  version 
of  the  generalized  Sine-Gordon  equation  (GSGE)  associated  with  embeddings  in 
Euclidean  space. 


The  higner  dimensional  version  of  3acklund's  results  takes  the  following  form: 


dX  +  XArX  =  A  -  X  3 


(1.2) 


wnere 


dx  -lil-dx. 

J=1 IXj  J 

Aij  =  3i(z)  aij  dxj 

B.  .  =  —  dx.  -  —  ^  dx.  Is  i ,  j  s  n  (1.3) 

1J  alf  3xi  J  alj  3xj  1 

and  a  *{a^.}  •  Fnxn,  (1.2-1. 3)  reduce  to  the  3acklund  transformation  for  the 
generalized  Sine-Gordon  equation  (GSGE)  when 


Mz)  =  (22+(23irl).)/2z 
and  for  the  generalized  wave  equation  (GWE)  when 

3 i(z)  =  -  0-Z2)/2z  5  k(Zv 


(1.4) 


(1.5) 


The  compatibility  condition  required  for  the  existence  of  solutions  to  these 
3acklund  transformations  results  in  a  system  of  second  order  partial  differential 
equations  for  an  orthogonal  nxn  matrix  a  ={a..}  in  (1.2)  which  is  a  function  of 
n  independent  variables  a  =  a(x-j  ,X2»  —  *xn) .  The  equation  has  the  form. 


3  i  3a .  ■  ,  1  3a  .j  . 

i _  (.J...  'J. *  i _  (_J _ LI) 

3x.  a,.  3x .  3x.  ^a-,-  sx  • 

^  ^  j  1 J  J 

+  r  1  5ali  3alj  _  .  ,  ,,, 

a  2  3xk  3xk  eaii  1 J  ’  J 


f-L  !!ii)  = 


33 li  33 Ik 

- —  — i  J  ,  k  distinct 
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where  s=1  for  the  GSGE  and  e=0  for  the  GWE. 

We  observe  that  when  n=2  and  s=l  (GSGE),  the  orthogonal  matrix  a  *  (a. 

l  J 


f  u  u 

cos  2  sin  j 

a  u 

^sin  j  cos  j 


0.7) 


for  the  function  u=u(x,t)  reduces  the  GSGE  to  the  classical  Sine-Gordon  equation 

(1.1).  We  note  also  that  if  the  parameter  z  in  (1.2)  is  given  by  z=tan  9/2  then  9 

the  constant  in  BScklund's  statement  (c)  above.  On  the  other  hand  when  n=2  and 

£=0,  then  with  (1.7)  the  GWE  reduces  to  the  wave  equation  (1.1)  with  <=0.  When 

n^3  the  generalization  of  the  wave  equation  discussed  here  is  nonlinear.  A 

Backlund  transformation  and  a  superposi tion  formula  for  the  GWE  was  obtained  in  [9] 
The  Backlund  transformations  (1.2)  described  above,  are  in  fact  matrix 

Riccati  equations.  Linearizations  of  such  a  system  can  be  performed  in  a 

straightforward  manner  (see  for  example  [10]).  Introducing  the  transformation, 


X  *  UV 


(1.8) 


where  U,V  are  nxn  matrix  functions  of  the  following  linear  system 


is  deduced. 


0 


0  A 
AC  B. 


(1.9) 


with  the  components  of  A,  3  given  in  (1.3).  Compatibility  ensures  that  the 
orthogonal  matrix  a  -  fa..}  satisfies  the  GSGE  with  (1.4)  and  GWE  with  (1.5). 

*  SJ 

Alternatively  if  we  call^  *  t  ,  the  following  linear  system  of  2n  ode's 


are  obtained: 


12-  *  x  A .  «  +  C .  * 

3X  •  J  J 

J 


(1.10) 


where  A.,  C.  are  (2nx2n)  matrices  with  the  block  structure 
J  J 


^ere  aj’  Yj  are  ^nxn)  matrices  having  the  following  structure 


ij  -  (f  -1  )e, 


3j  = 


(1.12) 


where  ={ej}ik  is  the  unit  matrix 


‘Vn'C  I 


i.k.j-i  _ 

otherwise  ' 


0.13) 


and  in  component  form  >.  takes  the  form: 

J 


rn  s  0*$n) 


(TJ) 


1  33 1  .•  1  3^  -1 .• 

J - II  .<  .  .  (l-5  .)  J - 31 

'  n'  a  _ 


kt 


kj '  alk  axk 


ij  3|2  ix l  kj 


(1.14) 


In  (1.12)  a  is  the  orthogonal  matrix:  33n-SO(n)  associated  with  the  GWE  when  5=\ 
and  with  GSGE  when  5=  ^(z+y),  X  =  y(z-y),  and  y-  is  the  matrix  (1.14):  Fn**Mn0R) 

y.+y1"  *  0.  Although  y  .  is  determined  by  a,  it  will  be  convenient  to  treat 

J  J  - _  ^  -  .  _  .  . .  ■■  ---  . — .  . . -■■■  

•••Yn)  as  the  data.  Then  both  (1.6)  and  ( 1  >14)  arise  as  the  compatibility 
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Since  we  shall  separately  examine  the  two  cases  GSW  and  GSGE,  we  write  down  the 
explicit  scattering  problems  which  are  compatible  with  each  of  these  equations. 

For  the  GW£  the  scattering  problem  takes  the  form;  y  =  <p(x,x): 


3x,  J  J 


(1.15) 


(1.16) 


and  e-  is  given  in  (1.14)  and  C.  given  by  (1.11,  1.14). 

-  J 

For  the  GSGE  the  scattering  problem  for  ^  =  i>(x,z)  is 


[  0  eiao 

H-  =  Hz)  ate  0 

"xj  \ajal  0 


+  x(z) 


*tCj*  • 


o(z),  x(z) ,  Cj  given  above,  or  equivalently 


(1.17a) 


I f  Aj*  +  f  Bj*  +  Cjt, 
0 


.(1 .17b) 


where 


at  u  0 
J  / 


,  u  =  diag(+l  ,-l - - -l ) 


-7- 


In  this  paper  we  show  how  the  direct  and  inverse  scattering  problems 
associated  with  the  GWE:  (1.15)  and  the  GSGE:  (1.17)  can  be  solved  for  matrix 
potentials  tending  to  the  identity  sufficiently  fast  in  certain  "generic" 
directions  (to  be  discussed  later).  It  is  along  such  directions  (lines)  that 
suitable  initial  values  for  the  entries  of  a(x)  and  the  matrices  y.(x)  can 
be  specified.  In  §2-4  the  analysis  for  the  GWE  is  given  and  in  §5-8  the 
analogous  problems  are  discussed  for  the  GSGE. 

Finally,  we  remark  that  solving  the  n  dimensional  GWE  and  GSGE  reduces 
to  the  study  of  the  scattering/inverse  scattering  associated  with  a  coupled 
system  of  n  one  dimensional  ode's.  This  is  in  marked  contrast  to  other  attempts 
to  isolate  solvable  (local)  multidimensional  nonlinear  evolution  equations  which 
are  the  compatibility  condition  of  two  Lax  type  operators 


L'4>  *  Xtjj 

<Pt  a  m 


(1.18) 

(1.19) 


where  L  is  a  partial  differential  operator  with  the  variable  t  entering 
only  parametrical ly.  Although  nonlinear  evolution  equations  in  three  independent 
variables  can  be  associated  with  suitable  Lax  pairs  (e.g.  the  Kadomtsev-Petviashvil i , 
Oavey-Stewartson  and  three-wave  interaction  equations  -  see  for  example  the  review 
[1 1 ] )  >•!  ittl e  progress  has  been  made  in  more  than  three  independent  variables. 

In  this  context  one  has  to  overcome  a  serious  constraint  inherent  in  the  scatterinc 
theory  for  higher  dimensional  partial  differential  operators  in  order  to  be 
able  to  find  associated  solvable  nonlinear  equations:  i.e.  the  scattering  data 
generally  satisfies  a  nonlinear  equation  [see  12-14].  The  analysis  discussed 
herein  completely  avoids  such  problems  since  the  linear  system  is  simply  a 
compatible  set  of  n  linear  one  dimensional  scattering  problems.  On  the  other 
hand,  these  results  demonstrate  that  the  initial  value  problem  is  posed 
with  given  data  along  lines  and  not  on  (n-1 )  dimensional  ma'nifolds. 
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§2 _ The  Forward  Problem  for  the  GWE. 


We  consider  here  the  spectral  problem  (1.15),  assuming  the  associated 
compatibility  conditions,  i.e.  the  GWE.  The  strategy  is  to  transform  (1.15)  to 
a  standard  form  and  to  associate  to  it  a  Riemann-Hilbert  factorization  problem 
as  in  [15].  The  transformation  uses  the  2nx2n  orthogonal  matrices 


If  p  is  a  fundamental  matrix  solution  of  (1.15)  then  the  function 

p(x,\)  =  U(x)"14;(x,A) 


(2.2) 


satisfies 


where 


and 


where 


%  ■  -v 


V 


(2.3) 


(2.5) 

(2.6) 


Conversely,  (2.2) -(2.6 )  imply  that  p  is  a  solution  of  (1.15).  We  look  for  a 
solution  p  in  the  form 

*(x,x)  =  m(x,,\)eAx ’J,  x-J  =  ^  xjJj’ 

Then  (2.3)  is  equivalent  to 


=  -v[d  .,m]  +  Q.m. 


(2.8) 


These  equations  imply  that  det  m  is  constant.  We  look  for  m  such  that 


m(  •  ,,\)  is  bounded;  det  m(x,A)  =  1.  (2.9) 


Proposition  (2.1 ) .  Suppose  that  for  some  \el,  and  m2  are  two  solutions  of 
(2.8),  (2.9).  Then  there  is  a  matrix  W(x) eSL(2n ,1)  such  that 

ri^ ( x , A )  =  m-j  (x  ,A)eXx,^W(  A)e  (2.10) 

Moreover,  if  A  {.  i  ]R  then  W  is  diagonal. 

Proof.  One  checks  that 

|j-  i  0  (2.11) 

so  the  matrix  in  brackets,  W(x),  is  independent  of  x.  Now  (2.9)  implies 
exp(xx- J)W(x)exp(-xx- J)  is  bounded  with  respect  to  x,  which  is  only  possible 
if  A  e  i  iR  or  W(A)  is  diagonal. 

We  study  the  problem  (2.8),  (2.9)  by  restricting  to  lines  in  Fn.  Let  w 
be  a  unit  vector  in  !R  and  y  a  vector  orthogonal  to  w.  Along  the  line 

L(w,y)  =  {  y  +  sw  :  s  e  F}  (2.12) 

we  consider  the  restriction  of  m: 

|  m(s,x)  =  m(s,x;w;y)  =  m(y+sw,A). 

Then  (2.8)  gives 


9 


Definition  (2.1 ) . 


If  =  x[Jw.i]  +  Qfl; 

V  W  ..J  i  rwjjj , 

Q(s)  =  Q(s,w,y)  =  zw .Q  . (y+sw) . 


I 

(2.14) 

J 

I 


The  data  {  3  •  ,y  • }  is  small  in  the  direction  w  if  the  operator  norm  of  the 
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associated  matrix  function  Q  satisfies 

II  Q(s,w,y)||ds  4  k  <  1  (2.15) 

-CD 

for  some  constant  k  and  all  y  orthogonal  to  w. 

Definition  (2.2).  . 

The  data  {a,,y,}  is  aMimoZotic.aZlu  {IxZ  in  the  direction  w  if  each 

si  J 

derivative  of  each  entry  of  the  matrices  a.,  y .  is  rapidly  decreasing  at  infinity 

J  yJ 

on  each  line  L(w,y),  uniformly  with  respect  to  y.  Thus,  for  each  such  matrix 
entry  f,  each  integer  N  >  0,  and  each  multi -index  8, 

g 

icf^)  f(y+sw)|  N<  C(l  +  |s|)‘N  (2.16) 

for  every  y  i  w  and  s  s  K. 

Definition  (2.3). 

The  direction  w  is  cbtiquz  if  the  2n  numbers  {±w.}  are  distinct. 

w 

Theorem  (2.2). 

Suppose  the  data{a.,y.}  is  small  and  asymptotically  flat  in  some  oblique 

W  S J 

direction  w.  Then  for  each  \  s  l  n  i  B  there  is  a  unique  m(-,\)  which  solves 
the  problem  (2.8)  and  (2.9)  and  satisfies  the  asymptotic  condition 

2,im  m(y+sw,x)  =  I,  all  y  i  w.  (2.17) 

s->-® 

Moreover  m  is  bounded,  m(s,*)  is  holomorphic  on  CNi  ]R,  and  the  limits 

m+(x,x)  =  tim  m(x,A±e)  (2.18) 

exist  and  are  smooth  functions  on  !Rn  x  i  R.  Also 


Aim  m(x,x)  =  I, 


(2.19) 


uniformly  with  respect  to  x. 


Before  discussing  the  proof  of  this  theorem,  let  us  consider  the  impli¬ 
cations.  For  x  e  i  3R  the  limits  itt  give  two  solutions  of  (2.8),  (2.9).  There¬ 
fore  Proposition  (2.1)  implies  the  following. 

Corollary  (2.3). 

There  is  a  matrix-valued  function  V  :  i  ]R -*-SL(2n,t)  such  that 


m+(x,x)  =  m_(x,x)eXx‘JV(x)e'Xx'J 

(2.20) 

for  all  x  c  iRn ,  x  e  i  IR. 

Definition  (2.4). 

The  function  V  is  the  6catte/Unq  daXa.  associated  to  (a 

,y  • )  and  the 

J 

direction  w. 

We  now  sketch  the  proof  of  Theorem  (2.2).  Note  that 

3 '  fe:  <ata)  50, 

nJ 

(2.21) 

Qj  *  Qj  -  o. 

(2.22) 

In  particular,  the  diagonal  entries  of  Q.  are  zero.  The  problem  (2.14) 

J 

with  the  conditions 


m(*,x)  is  bounded  and  ^jim^  m(s,x)  =  I  (2.23) 

is  exactly  of  the  kind  considered  in  [15].  Indeed  Q..  a  0  and  J  is 

JO  ™ 

diagonal  with  distinct  entries  (since  w  is  oblique).  It  follows  from  the 
results  of  [15]  and  the  assumption  (2.15)  that  (2.14),  (2.23)  has  a  unique 
solution  m  which  is  bounded  and  holomorphic  for  x  e  £  ^  i  1R  and  has  a  continuous 
limit  on  En  x  i  1R.  Moreover,  m  is  smooth  with  respect  to  s  hence  our  assumptions 


2- 


imply  also  that  it  is  smooth  with  respect  to  y.  These  considerations  give 
us  many  of  the  properties  of  m,  which  is  defined  by 

m(y+sw,x)  =  m(s,X;w,y) ,  yiw.  (2.24) 

To  show  that  m  satisfies  the  full  set  of  equations  (2.8),  we  use  the  compatibility 

conditions  (GW£).  It  is  most  convenient  to  choose  new  variables  x  =  (x-i,,,,^) 

n  3  3 

by  an  orthogonal  change  of  coordinates  in  ]R  chosen  such  that  4*-  =  — . 

dX*j  o  5 

The  desired  equations  (2.8)  take  the  form 

|2-  =  \[Jj  ,m]  +  Qlm  =  Rjm  (2.25) 

J 

for  j  >  1 ,  and 

%  ■  If  3  ^  + 

The  compatibility  conditions  (GWE)  imply 

an  3Qi 

jt  *  Wj  •  IT  *  QjQ-  3  >  1  ;  (2.26) 

[Jj,  Q]  •  [Ow,Qj],  j  >1-  (2.27) 

The  solution  to  (2.14)  satisfies  the  integral  equations  (see  [15]) 

rs 

m(s,x)  =  I  +  <j>(  (s-t)\)[Q(t)m(t,x)]dt 

« 

where  the  limit  ±»  depends  on  the  matrix  entry  and  on  the  sign  of  Rex,  while 
4>  operates  on  matrices  by 

4>(u)[B]  =  euJ*Be'uJ*  (2.29) 

We  utilize- (2.27)  (employing  shorthand  notation)  to- compute- 


5  m 


3X  -  =  j  ^ir71 "  '  ''[Jj,Qm]:'dt 


*j  -j 


..*L 

"■  n"1 


[Q-,Q]m  +  off-  -  -  ^QCJJ 

j  axj 


!  or^Q>}dt 

j  at  j 


V;  Q(|f-  -  A[jj,m]  -  Qjm)}dt 
J 


Thus 


rs 


0(q(|j7  -  qjmjdt. 

J 


3H  -  Run  = 
J- 


3x 


J 


*[Q(|j.-  Rj«n)]dt, 


(2.30) 

(2.31) 


which  implies  (2.25).  (Note  that  the  asymptotic  conditions  were  used  in 

the  calculation  (2.30),  to  eliminate  a  boundary  term  in  the  integration . )  This 

completes  the  proof  of  Theorem  (2.2). 

We  turn  now  to  the  properties  of  the  scattering  data  V.  We  introduce  an 
automorphism  of  2nx2n  matrices: 


B 


a 


(2.32) 


Theorem  (2.3). 

The  scattering  data  V  has  the  following  properties: 

each  entry  of  V-I  belongs  to  the  Schwartz  space  5(1  F);  (,2^33 j 


v(-x)  *  v ( x ) t  -  yTH  -  (V(X)T1. 


(2.34) 
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Proof. 

(2.33)  follows  from  results  in  [15],  To  obtain  the  symmetries  (2.34), 
observe  first  that  J.  and  Q.  are  real  and 

J  J 

Jj  =  Jj  =  Qj  a  _Qj  =  Qy  (2.35) 

It  follows  m(x,x)  satisfies  the  same  equation  as  m(s,x)  and  that  both 
m(x,x)a  and  (m(x.x)"^  )^  satisfy  the  same  equation  as  m(x,-x).  ■  The  boundedness 
and  asymptotic  conditions  are  also  satisfied,  so 

m(x,x)  =  m(x,x) ,  (2.36) 

m(x,-x)  =  (m(x,x)“^)t  =  m(x,x)°.  (2.37) 

Therefore 

V(-x)  =  m_(0,-x)_1m+(0,-x) 

=  m+(0,X)t(m_(0,X)'1)t  =  V(x)t,  (2.38) 

and  similarly  for  the  remaining  symmetries. 

Let  us  remark  here  that  the  construction  of  m  by  a  Neumann  series 
implies  the  estimates 

IMi:  S  (l-^)"1 »  !|m  -  III  4  k(l-k)'1 

llm'1!!  ^  0  -k)’1 ,  i|m_1  -I  ]|  ^  k(l-k)’1  ,  (2.39) 

where  k  <  1  is  the  constant  of  (2.15).  It  follows  that 

i|V  -  Ij|  *  2k(l-k)"2. 

In  particular, 


II V  -  Ii|  «  1  if  0  ^  U  2  -/J. 


We  conclude  this  section  with  a  brief  discussion  of  normalizations  and 
the  relationship  of  this  treatment  of  the  forward  problem  to  that  in  [15].  The 
normalization  (2.17)  depends  on  the  choice  of  a  direction  w;  therefore  the 
solution  m  and  the  associated  scattering  data  V  depend  on  w.  In  [15],  with  n=l , 
the  normalization  was  made  at  -®  and  the  resulting  scattering  data  V  had  certain 
principal  minors  identically  equal  to  1.  Here,  the  same  considerations  show 
that  for  a  given  direction  w  certain  principal  minors  of  the  associated  scattering 
data  V  are  a  1.  In  the  absence  of  a  single  natural  oblique  direction,  we  have 
chosen  to  consider  all  possible  scattering  data  and  have  not  imposed  conditions 
on  principal  minors.  We  return  to  this  question  at  the  end  of  Section  3. 


§3  The  Inverse  Problem  for  the  GWE. 


Suppose  V  ^  i  F  -  Sl(2n,I)  is  a  matrix-valued  function  which  satisfies 
the  conditions  (2.33)  and  (2.34).  Suppose  also  that 


II v ( X )  -  III  <1,  \  c  UR.  ■  (3.1) 

Theorem  (3.1 ) . 

For  each  x  s  Fn  there  is  a  unique  matrix-valued  function  m(x,*)  which 
is  bounded  and  holomorphic  on  Is  i  IR,  with  continuous  limits  on  i  3R , 
and  which  satisfies 

m+(x,x)  =  m_(x,x)eXx‘'JV(x)e'Xx‘J.\  e  i  F 

2,im  m(x,x)  =  I.  (3.2) 

!  x  |-**» 

The  function  m  is  smooth  on  Rnx(fl^i  F)  and  satisfies  a  system  of  equations 


3m 


x[Jj,m]  +  Qj (x)m 


(3.3) 


where  Q .  +  Q .  =  1  and  Q.  is  real 
J  J  J 


Qj(x)  -  U2 


-1 


(3.4) 


Moreover,  the  data  {  a . ,  y . } 

J  0 

in  Fn. 


is  asymptotical ly  flat  in  every  oblique  direction 


This  theorem  essentially  follows  from  results  in  [15].  One  way  to  obtain 

the  equations  (3.3)  is  to  note  that  the  function  n.  =  —  x[J,,m]  also 

J  3xj  _  J 

satisfies  the  Riemann-Hi 1 bert  condition  (3.2),  from  which  it  follows  that 
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Q-  =  n.m  ^  is  continuous  across  i  H.  Therefore  Q.  is  entire;  it  is  bounded, 

hence  independent  of  X,  which  gives  (3.3).  The  symmetry  conditions  (2.34) 

imply  that  m(x,x),  (m(x ,-x)""'  and  m('x,-x)^  also  solve  the  Riemann-Hilbert 

problem  (3.2).  By  uniqueness,  m  has  the  symmetries  (2.36)  and  (2.37).  Therefore 

Q-  is  real  and  has  the  symmetries  (2.35),  which  in  turn  give  (3.4).  Finally, 

an  oblique  direction  w  corresponds  to  a  diagonal  matrix  J,  =  :w.J.  having 

M  3  J 

distinct  entries,  and  the  results  of  [15]  give  rapid  decrease  of  the  data  Q. 

J 

along  lines  in  the  direction  w,  as  desired. 


Remark.  The  data  Q.  generally  does  not  decrease  rapidly  in  directions  which 
are  not  obi ique. 

To  connect  this  result  to  the  GWE,  we  need  one  more  step. 

Lemma  (3.2). 

There  is  a  function  a  :  Rn  -*■  SC(n)  such  that 


Proof . 

The  compatibility  relations  for  the  system  (3.3)  imply 


•  _l!k  + 

axk  T  ajak  ~  3x j  akaj • 


(3.6) 


These  in  turn  are  the  compatibility  relations  for  (3.5).  If  a  solves 

(3.5)  then  ~ — (a  a)  =  0,  so  we  can  guarantee  that  a  e  S0(n)  by  choosing  it  to 

belong  to  S0(n)  at  a  specified  point  or  asymptotically  in  some  oblique  direction. 

A  solution  of  (3.5)  is  unique  up  to  left  multiplication  by  a  fixed  element 

of  SO ( n ) .  If  a  is  any  such  solution  we  refer  to{a,y.}  as  inverse  data  for  the 

0 


function  V. 
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Theorem  (3.3). 

If  C  a , y ,• }  are  inverse  data  for  V,  they  satisfy  the  GWE. 

J 

Proof. 

We  simply  reverse  the  procedure  at  the  beginning  of  the  preceding  section. 
The  function 

x)  =  ^  ^  U2‘  m(x,x)eAx  J  (3.7) 

satisfies  the  system  (1.14),  so  (a,Y. )  satisfy  the  GWE. 

J 

Let  us  connect  the  inverse  data  explicitly  to  the  asymptotics  of  m  in  x. 
By  [15],  m  has  an  asymptotic  expansion 

m(x,x)~vI0  mv(x)x~v ,  X— ..  (3.8) 

This  expansion  can  be  differentiated  term  by  term,  giving 

mA  ■  Qj"v  +  l3-9> 

sJ 

In  particular,  m^  =  I  and  so  we  obtain 

Qj(x)  =  -[Jj  ,m-j  (x)] 

3  -iim  X[J  ,m(x,x)] .  (3.10) 

X-H»  J 

This  gives  another  method  for  deriving  the  symmetries  (2.35)  of  Q  from 
symmetries  (2.36)  and  (2.37)  of  m. 


As  we  noted  at  the  end  of  section  2,  different  functions  V  may  occur 
as  scattering  data  for  the  same  inverse  data  unless  some  further  normalization 
is  imposed.  Therefore  to  complete  the  analysis  of  the  relationship  between 
solutions  of  the  GWE  and  scattering  data,  we  need  to  know  when  two  functions 
V-j  ,V2  as  above  give  rise  to  the  same  inverse  data.  Let  m^ ,  m^  be  the  associated 
solutions  of  (3.2).  If  the  inverse  data  is  the  same,  then  by  Proposition  (2.1), 

m2(x,x)  =  m.j  (x,x)a(a) ,  x  e  txi  1R  (3.11) 

where  a  is  diagonal  and  holomorphic  and  has  boundary  values  a+;  moreover 
a(x)  -o  I  as  |x|->-».  a  has  the  same  symmetry  properties  as  m,  so  a  is  the 
solution  of  a  Riemann-Hilbert  problem  (2.3)  for  a  diagonal  V.  Clearly  Y-j 
and  V2  are  related  by 

V2  =  (aJ*1V1a+.  (3.12) 

In  particular,  V  gives  trivial  inverse  data  if  and  only  if  V  is  diagonal. 
Conversely,  if  V2  and  V-|  are  related  by  (3.12),  where  A*  are  the  boundary 
values  of  the  solution  to  (2.3)  for  a  diagonal  V,  then  V]  and  V2  have  the 
same  inverse  data. 
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§4  A  Well -posed  Initial -Value  Problem  for  the  GWE. 

The  result  of  the  preceding  two  sections  both  suggest  and  solve  an  "initial 
boundary"  value  problem  for  the  GWE.  Let  us  say  that  a  solution  {a,Y-}  of  the  GWE  is 

J 

small  if  there  is  some  oblique  direction  such  that  the  associated  data{a^,y^} 
is  both  small  and  asymptotically  flat  in  that  direction.  As  before,  if  w  is 
a  direction  (unit  vector)  in  !Rn  and  y  is  orthogonal  to  w,  we  parameterize  the 
line  L(w,y)  by  s-*y  +  sw.  Without  loss  of  generality  we  may  translate  the 
coordinates  and  take  y  =  0. 


Theorem  (4.1). 

Suppose  w  is  an  oblique  direction  in]Rn.  Suppose 
a  :  L(w,0)  -*•  S0(n)  and  y  :  L(w,Q)  -*•  M  (3R)  are  smooth  mappings  such  that 
a  =  -  ar  and  y  are  Schwartz  functions  of  s,  y  +  ■}  =  0  and 


||  a(s)  ||  ds  <  3  - 

^  — ao 


Then  there  is  a  unique  small  solution  Ca,Yj}  of  the  GWE  such  that 

a(s)  a  a(sw)  • 

Y(S)  H  EwjYj (SW) 


(4.1) 


Proof. 

Let  m  be  the  solution  of 


|f(s,x)  =  x[Jw,m]  + 


Qm, 


£im 


m(s  ,x)  =  I 


(4.2) 


where  J,, 
w 


zw.J.  and  Q  = 

J  J 


There  is  a  mapping  V:  i  3R 


SL(n,X) 


such  that  for  Xe  i  IR, 
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XS  J  ■  AS  J 

m+(s,x)  =  m_(s,A)e  WV(x)e  •  (4-3) 

Note  the  term  eAS^wV(x)e  xs^w  is  the  specialization  to  the  line  L(w,G) 
of  e  V(x)e  ‘  .  Thus  factorization  of  this  latter  function  gives  us  an 
extension  to  ]Rn  of  ni.  V  satisfies  the  hypotheses  of  Theorem  (3.1)  so  there  is 
an  associated  solution  m  of  the  Riemann-Hilbert  probelm  (-3.2)  and 

m(s  ,x)  =  m(sw,x) .  (4.4) 

letta.Y,}  be  inverse  data  for  V,  normalized  so  that  a(s,w,y=0)  =  a(s) 

J 

Because  of  (4.4)  we  obtain 

a(s)  =  £WJ.aj(sw) 

y(s)  =  EWjYj(sw).  (4.5) 

The  first  identity  implies  *  ^|at  on  L(w,0)  so  we  obtain  a  =  a  on  l(w,0). 

This  completes  the  proof  of  existence.  Uniqueness  follows  from  the  fact  that 
the  scattering  data  associated  to  a  small  solution  {  a ,y- }  and  to  the  direction  w 
is  uniquely  determined  by  m  on  L(w,Q)  and  therefore  is  uniquely  determined  by 
the  functions  a  and  y  defined  by  (4.5).  Therefore  the  scattering  data  is  uniquely 
determined  by  the  functions  (4.1  \  The  scattering  data,  in  turn,  determines  y^ 
and  determines  a  up  to  left  multiplication  by  a  constant  matrix.  Since  a(s,w,Q)  = 
is  prescribed,  the  proof  is  complete. 

Remark:  One  can  think  of  V(x)  as  the  initial  values  for  the  function 

V-|  (a ,y)  =  eXy*'jV(,\,0)e'Xy,J.  (4.6) 

Replacing  V(x)  in  (4.3)  by  V-|(x,y)  gives  the  evolution  of  m  to  all  values  of 
Fn  which  in  turn  corresponds  to  m.  This  is  in  analogy  to  the  standard 


situation  in  1ST  problems. 
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S5  The  Forward  Problem  for  the  GSGE. 

Here  we  assume  the  GSGE  and  consider  the  associated  spectral  problem 
(1.17).  This  problem  cannot  easily  be  transformed  to  a  single  standard  form, 
unlike  the  GWE.  Nevertheless  we  shall  still  associate  a  factorization  problem 
of  Riemann-Hilbert  type  with  (1.17). 

Once  again  we  denote 

U2  =7T 

and  we  let  #  denote  the  automorphism 


where 

u  *  diag(+l  ,-l  ,-l ,. . .-1 )sMn.  (5.3) 


In  particular, 

-  Jr  J?  *  -Jj,  1  <  i  4  n.  (5.4) 

We  set 

$(x,z)  *  U'1  *(xfz)  (5.5) 

so  that  the  spectral  problem  (137)  becomes 


3^—  =  izA,y  +  idM  +  C.'jr, 


(5.6) 


(5.7) 


AJ  *  Ui  AJU2-  BJ  -  U2  BJU2-  Cj  -  U2  CjU2 
The  trivial  (unperturbed)  solution  a  =  I,  y.  =  0  of  the  GSGE  has  the  associated 

v 

equation 


•  i(zJj 


1  r 

tV” 


(5.3) 


which  has  a  solution  exp(x-J(z)).  We  view  (5.6)  as  a  perturbation  of  (5.8) 
and  look  for  a  solution  in  the  form 

iHx.z)  =  m(x  ,z)ex‘^z^  (5.9) 

The  equations  for  m  are  then 

=  z[Aj!H  -  mj^]  +  C^-m  "  +  (5-10) 

J 

As  before,  we  normalize  by 

m(«,z)  is  bounded.  (5.11) 

Definition  (5.1). 

The  direction  w  in  IRn  is  y/UntUval  if  |w,  |>jw.  |  for  1  <  n. 

'  J 

Anticipating  the  argument  below,  let  us  consider 

n 

Jw(z)  =.  ZWj.Jj^z)  =  w^CzJJt  +  j^Wj^tz) jj.  (5.12) 

This  matrix  is  diagonal  with  entries  ±w,  5(z),  ±w.5(z),  tw.x(z),  1<  n  .  The  set 

*  J  J 

of  z  in  I  such  that  two  distinct  diagonal  entries  have  the  same  real  part 
always  contains  the  set 

Z  •  m  U  {  z  :  [zi  =  1 >,  (5.13) 
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i.e.  the  union  of  the  imaginary  axis  and  the  unit  circle.  It  is  equal  to  this  set 
precisely  when  the  direction  w  is  oblique  and  principal. 

Definition  (5.2). 


The  data  Ca.Oj.Yj},  where  again  cl.  =  -a  —  ,  is  mcuil  In  th 

J 


w  if  for  every  y  i  w. 


Q(s,w,y)  j!  ds  +  j  ]Ja(y+sw)  -  1  ([  ds  <  k  <  1 . 


a .  0 


0  ’j 


(5.14) 


Here  again  Q  =  ew.Q.  =  iw.  /  J  \.  We  say  the  data  {a,a,,Y.-}  is 

J  J  J  j  1  J  J 


cutjmptotaieUlu  iZcut  in  cLoizction  w  if  {a.,Y.}  is  asymptotically  flat 

J  J  ✓ 


in  the  direction  w. 


Theorem  (5.1 ) . 


Suppose  the  data  (a.a.jY.}  is  small  and  asymptotically  flat  in  some 

J  J 

principal  oblique  direction  w.  Then  for  each  zsC\Z  there  is  a  unique 
m(.-,z)  which  satisfies  the  system  (5.10),  (5.11)  and  such  that  for  each 


2,im  m(y+sw,z)  =  I. 
s~*~« 


(5.15) 


Moreover,  m  is  bounded,  m(x,  •)  is  holomorphic  on  t\E,  and  m(x,.)  has 
continuous  limits  on  z  from  each  of  the  five  components  of 

To  be  specific,  let  us  denote  by  m+  the  limit  on  z  from  the  components 
(  j 2 1 >1 , Rez>0 >  and  {  Jz|<l,  Rez<0)  and  denote  by  m_  the  limits  from  the  other 


two  components. 
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m(*,z)  bounded,  zim  m( s ,z )  =  I,  (5.20) 
s-*-« 

where 

(T(s,z)  =  Q'(s,z;w,y)  *  (y+sw,z)  (5.21) 

Although  this  problem  is  not  identical  to  that  considered  in  [15],  nevertheless 
the  methods  of  [15]  apply  to  give  existence  of  a  unique  solution  m(*,z)  = 


II  Q  (s,z)  ilds  <  1 . 


(5.2 


The  integral  in  (5.22)  is  majorized  by  that  in  (5.14)  when 
Changing  to 

m"(y+sw,z)  =  m(s,z;w,y)  (5.2 

A 

and  arguing  as  in  s2,  we  see  that  m  =  U2  Urn'  has  the  desired  properties 
for  all  | z 1 1 .  To  obtain  results  for  |z|<  1  we  can  either  use  a  second 
transformation  or  take  advantage  of  a  symmetry.  Note  that 

Jj(Vz)  -  Jj(z)#, 

‘  *'  -  ^  ■  £J-  (5-2 

Therefore  m(x,  j)r  satisfies  the  conditions  for  |z|^l.  This  completes 
our  sketch  of  the  proof  of  Theorem  (6.1). 

As  for  the  GWE,  one  has  symmetry  properties  in  addition  to  (5.24), 
namely  that  J.,  J.,  A.,  B.,  C.  are  real  and 

w  J  J  J  w 

J.{z)  •  J,(z)*  *  -J,(z!°. 
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Thus  one  has 


m(x,-z)  =  [m(x,z) 
m(x,z)  =  mix  ,z )  , 


m(x 


=  m(x,z)a, 

]/z)  *  m(x,z)?. 


(5.26) 


The  symmetries  of  V  are  an  immediate  consequence. 
Theorem  (5.3). 

The  scattering  data  V  has  the  symmetry  properties 

V(-z)  •  V(z)‘  *  [V(z)-1]0, 


V(z)  =  V(z),  V(i)  =  (V(z)-1  )#  .  (5.27) 


The  analytical  properties  of  V  can  also  be  deduced  from  the  results  of  [15]. 
As  given  above,  V  is  defined  on  each  of  the  five  components  of  Zs{±i}. 

We  join  the  two  unbounded  components  by  compactifying  at  ®  and  set 

r-|  ■  C  \z\  =  1 ,  Re  z  >  Q), 

E2  =  { z+z  =  0 ,  ! z  I  >  1 } , 

(5.28) 

£3  =  {  1  z !  =  1  ,  Re  z  <  0} , 

£4  =  {  z+z  =  0 ,  | z |  <  1 } . 

For  convenience,  we  denote  restrictions  by 

Vz  -  V|r  ,  j  -  1,3, 

(5.29) 

V.  =  V“V  ,  J  =  2,4 
J  “j 


Theorem  (5.4). 

Each  V.  has  a  smooth  extension  to  the  closure  of  z, .  Each  derivative 

J  J 

N  -N 

of  7-1  is  0(z  )  as  z  ■*  0  and  0 (z  )  as  z  -  for  each  integer  n  >  0. 


(5.30) 


At  -i  the  satisfy  consistency  conditions: 

v1v2v3v4(=i) 

More  generally,  for  each  integer  N  5.  0  there  are  matrix-valued  polynomials 
p-  of  degree  N  such  that 

sJ 

Vj(z-i)  =(Pj(z-i))'1  Pj+1(z-i)  +0  (lz-i(N+1), 

as  z  i ,  (5.31 ) 

with  similar  conditions  at  -i,  where  we  take  P5  =  . 

As  motivation  for  the  next  section  we  note  that  the  function  nT  in 
(5.18)  extends  to  Cxi  and  is  the  solution  of  the  Riemann-Hilbert  factorization 
problem  (5.16)  which  is  characterized  by 


zim  itT(x,z)  =  I. 


(5.32) 
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36  The  Inverse  Problem  for  the  GSG£. 

Let  V  :  z  -  SL(2n,t)  be  a  matrix-val ued  function  satisfying  the 
symmetry  conditions  in  Theorem  (5.3)  and  the  smoothness,  decay,  and  consistency 
conditions  of  Theorem  (5.4).  Suppose  also  that 

II V(x )  -  III  4  k\  X  £  E  (6.1) 

where  k'  is  a  sufficiently  small  positive  constant.  Then  by  the  methods 
of  [15],  for  x  e  F  there  is  a  unique  function  m"(x,-)>  holomorphic  on  C'-  z 
with  limits  on  i,  such  that 

m'(x,z)  ■  m'(x,z)ex’^^z^V(z)e~x"^z\ 

zim  m'(x.z)  =  I.  (6.2) 

|  z  | 

The  function  m'  is  smooth  up  to  the  boundary  on  !Rnx(I^z),  and 

nT(x,z)  =  I  +0(z_1),  | z | -»— » ,  (6.3) 

CO 

rrT(x,z)  '  ^  mj(x)zv,  z-0.  (6.4) 

Moreover,  in  any  principal  oblique  direction  w,  for  y  i  w  and  x  t  IsZ 

zim  (irr(y+sw,,\)  -  (6.5) 

S-f±oo 

-N 

where  l  is  diagonal.  The  convergence  in  (6.5)  is  0(js|  )  for  every  N, 

and  the  same  is  true  for  derivatives  of  m'.  Also,  m'  and  its  inverse 
are  bounded  functions. 

In  view  of  these  properties  the  functions 


(6.6) 


[I! 


are  holomorphic  on  I\:,  continuous  across  l  except  at  z  -  0,  bounded  as  *>, 
and  0(1/2)  as  z~  0  .  For  any  fixed  x  such  a  function  is  affine  in  z""' . 
Therefore  nr  satisfies  a  system  of  equations  which  we  can  write  in  the  form 

(6.7) 

W 

where  B(  =  B((x)  and  C(  =  C  ( ( x ) . 

J  J  J  J 

The  asymptotic  expansion  (5.4)  can  be  differentiated,  and  (6.7)  implies  in 
particular  that 

Bjm0  3  ”o4  (6-8> 

Now  is  asymptotically,  and  rapidly,  diagonal  in  principal  oblique 
directions,  so  in  such  directions 

B(  -  -  0  .  (6.9) 

J  J 

3ecause  of  the  symmetries  of  V  and  the  uniqueness  of  nr  we  obtain  the 
symmetries 

nT(x,-2)  =  [nr(x,z)‘1]t  =  m' (x  ,z)a , 

(6.10) 

nr(x,z)  =  nr  (x ,z) . 


(5.1 


These  in  turn  imply  that  B,  and  C-  are  real,  while 


Thus  these  matrices  have  the  form 


where  3.,  a.,  y .  are  real  and 

J  si 


y  .  +yt.. 


(6.12) 


(6.13) 


so  that 


g  s  g  • 


(6.19) 


2  t 

Since  also  g  =  g  g  =  1,  g  has  eigenvalues  ±1 .  Now  g  depends  continuously 
on  V  and  g  =  I  when  V  =  I.  Thus  g  is  symmetric  with  all  eigenvalues  +1,  hence 


9  =  1. 


(6.20) 


Combining  (6.8),  (6.12),  (6.15),  and  (6.20),  we  obtain 


sj  =  fuej 


Now  (6.21)  implies  that  for  j>k. 


J08k  *  (“  l 


BkJj  ■  U1  (o  !)  u2' 


The  compatibility  relations  for  (6.7)  include 


- — c  (  +  cTc,  +  4-(J  .b.'+b  .j.  ) 

TxTy  yk  4lyk  j  k' 


(6.21) 


(6.22) 


*  ckci +  wa'v 


(6.23) 


In  view  of  (6.22)  and  (6.12),  (6.23)  implies 


!!i+  . 

3xk  ajak  *  3X .  3kV 


(6.24) 


These  are  precisely  the  conditions  for  solving  for  a  with 


We  can  require  that  a  •*  I  as  s 


-oo 


along  a  family  of  principal  oblique 


lines.  Then  since  a.  is  skew  symmetric  (and  real), 

J 


a  :  JV 


S0(n). 


(6.; 


Definition  (6.1). 

{ a ,y . }  is  inverse  data  for  the  function  V. 

J 

Theorem  (6.1 ) . 

The  inverse  data{a,y,}  satisfy  GSGE. 

J 

Proof. 

Let 

U(x)  = 

and  set 

i/(x,2)  =  U(x)m'(x,z)ex*^z).  (6.1 

Then  the  equations  (6.6)  become 


(6. 


To  complete  the  proof  we  only  need  to  prove 


Let  us  write 


b  =  ua . . 


(6.3< 


(6.3! 


Then  we  want  to  prove 

A.  =  BT  .  (6.3i 

J  J 

To  prove  (6.36)  we  write  the  compatibility  conditions  for  (6.29)  in  the 
notation  of  matrix-valued  differential  forms.  Let 


A  *  lA.dx.,  B  =  SB-dx.,  C  =  EC.dx..  (6.3 

J  J  J  J  J  J 

The  compatibility  conditions  are 

A"A=Q=B~B, 

dA  =  A  *  C  +  C  *  A,  dB  =  A  *  B  +  8  *  A, 
dC  =  C  '  C  +  A  A3  +  3  “A.  (6.31 

Since  C  =  CT  =  iC^dx.  we  have 

J  J 

d(A-BT)  »  (A-BT)'C  +  C'(A-Bt).  (6.3 


Now 

VBI ■  u(Jr(3i)#)ir' 

=  LKJ^-BjV1  (6.40) 

J  J 

U 

and  we  know  that  J.  -  B.  vanishes  asymptotically  in  certain  directions. 

J 

It  follows  from  this  fact  and  (6.39)  that  A  -  Br  =  0. 

Remarks. 

1  .  As  for  the  GWE,  the  data  {a.,Y.)  can  be  recovered  from  the 

w  J 

asymptotics  of  m"  as  z  »>  as  in  (3.10).  Thus  the  orthogonal  matrix¬ 
valued  function  a  is  also  determined  implicitly  by  these  asymptotics. 

2.  The  data  {  a ,aj  ,Yj 1  is  small  in  every  principal  oblique  direction 
if  the  constant  k'  of  (6.1)  is  small  enough,  and  is  asymptotically  flat 
in  every  principal  oblique  direction. 

3.  As  for  the  GWE,  two  functions  V-j  and  give  rise  to  the  same 
inverse  data  if  and  only  if 

V2  =  (a_)'1V1a+  (6.41) 

where  a  is  the  solution  of  the  Riemann-Hilbert  factorization  problem  (6.2) 
for  a  diagonal  matrix-valued  function  on  z.  In  particular,  V  gives  the  trivial 

solution  of  the  GSGE  if  and  only  if  V  is  diagonal. 


With  the  same  conventions  as  in  §4,  one  has  the  same  conclusion: 
Theorem  7.1. 

Suppose  w  is  a  principal  oblique  direction  inFn. 

Suppose  a  =  L(x,0)  -*•  SO(n)  and  y  =  L(w,0)  ~  Mn(]R)  are  smooth  mappings 
such  that  a  =  and  y  are  Schwartz  functions  y  +  y^  =  0,  and 


where  kg  is  a  sufficiently  small  positive  constant.  Then  there  is  a  unique 
small  solution  {  a, y  .}  of  the  GSGE  such  that 

J 


a(s)  =  a(sw) 

y(s)  =  z  w j  y j ( sw ) .  (7.1 ) 


The  proof  is  the  same  as  the  proof  of  the  analogous  result  for  the 
GWE  in  §4,  hence  is  omitted. 
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INVERSE  SCATTERING,  INVERSE  PROBLEMS  AND  INTEGRABILITY 
OF  NONLINEAR  EQUATIONS  IN  MULTIDIMENSIONS 


by 


A.  S.  Fokas  and  M.  J.  Ablowitz* 
Department  of  Mathematics  and  Computer  Science 
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Potsdam,  New  York  13676 


I.  INTRODUCTION 

The  Inverse  Scattering  Transform  (1ST)  was  discovered  by  Gardner, 

Green,  Kruskal ,  and  Miura  [1]  who  were  able  to  relate  the  celebrated 

Korteweg-deVries  (KdV)  equation  in  the  variable  q(xg,t),  to  the  classical 

2 

time-independent  Schrbdinger  equation  *  +  (q(x  ;t)'f+  k  )  =  0.  The 

x0xo  p 

next  eigenvalue  problem  to  receive  considerable  attention  in  this  field 

was  the  so-called  AKNS  [2],  [3]  scattering  problem:  ¥  =  i KJ^y  +  qy,  where 

x0 

J  is  a  2  x  2  constant  real  diagonal  matrix  and  q ( kg ; t )  is  a  2  x  2  off- 
diagonal  matrix  containing  the  potentials.  The  AKNS  problem  is  related 
to  the  nonlinear  Schrbdinger,  modified  KdV  and  sine-Gordon  equations.  The 
3x3  extension  of  the  AKNS  problem  (3x3  AKNS)  was  studied  in  [4]  and 
is  related  to  the  3-wave  interaction  equation  in  1 -spa ti al  dimension.  The 
N  x  N  AKNS  [5]  has  been  studied  by  Shabat  [6]  and  then  by  a  number  of 
authors  [7]  and  is  related  to  N-wave  interactions. 


*Supported  in  part  by  the  Office  of  Naval  Research  under  Grant  Number 
N00Q14-76-C-Q867,  the  National  Science  Foundation  under  Grant  Number 
MCS-8202117,  and  the  Air  Force  Office  of  Scientific  Research  under  Grant 
Number  78-3674-0. 


The  1ST  method  can  be  summarized  as  follows:  The  solution  of  the 
initial  value  problem  of  certain  nonlinear  evolution  equations  is  essen¬ 
tially  equivalent  to  solving  the  inverse  scattering  (i.e.  reconstructing 
the  potential  q(xg)  from  appropriate  scattering  data)  of  related  eigen¬ 
value  problems.  The  Schrodinger  eigenvalue  problem  (with  its  Sturm- 
liouville  extension  [8],  [9])  and  the  N  x  N  AKNS  are,  in  our  opinion, 
the  main  differential  problems  which  have  been  used  in  connection  with  the 
1ST  in  1-spatial  dimension.  There  exist  several  variants  of  the  above 
problems  [10],  [11],  which  however  should  be  solvable  by  some  simple 
variation  of  the  procedure  used  to  solve  the  above  two  fundamental  ones. 

It  is  therefore  natural  to  consider  extensions  of  these  two  eigenvalue 
problems  when  seeking  multidimensional  generalizations  of  the  1ST. 

The  1-spatial  dimensional  extensions  of  the  above  eigenvalue  prob¬ 
lems  have  been  recently  studied  by  Bar  Yaacov  and  the  authors:  The 

2 

Schrddinger  eigenvalue  problem  can  be  generalized  toot.  +  t  +  (d+k  )t 

H  0X0 

and  the  potential  q(xg,x-|;t)  is  related  [12]  to  the  Kadomtsev- 
Petviashvili  ( K-P)  equations  [13].  There  exist  two  important  cases 
a  =  i  anda=  -1,  corresponding  to  KPI  and  KP II;  their  inverse  problems 
were  linearized  via  a  Riemann-Hilbert  (RH)  [14]  and  a  3  problem  [15] 
respectively  (a  J  problem  is  a  natural  generalization  of  a  RH  problem). 

The  N  x  N  AKNS  problem  can  be  generalized  to  t  =  oJ,t  +  qt  [15],  where 

Xg  i  x1 

J.j  is  an  N  x  N  constant  real  diagonal  matrix  and  q(xg,x^;t)  is  an  N  x  N 
off-diagonal  matrix.  There  exist  two  important  cases,  hyperbolic  (a  =  -1 ) 
and  elliptic  (a  =  i);  their  inverse  problems  were  also  linearized  via  a 
RH  [16]  and  a  3  problem  [17],  [18].  The  hyperbolic  problem  can  be  used 
to  solve  the  initial  value  problem  of  the  following  nonlinear  equation  in 
2-spatial  and  1-temporal  dimensions:  the  N-wave  interactions,  modified 


-3- 


KPI,  and  Oavey-Stewartson  (OS)  I  equation  [19],  The  elliptic  problem  can 
be  used  to  solve  the  modified  KPII  and  DS II.  Prior  to  our  work,  inter¬ 
esting  results  regarding  the  solution  of  initial  value  problems  in  multi¬ 
dimensions  can  be  found  in  [20],  [21],  [22]. 

In  dealing  with  the  above  2-spatial  dimensional  problems  it 
became  clear  that  one  had  to  generalize  the  notion  of  the  inverse  scatter¬ 
ing  in  general  and  of  inverse  scattering  data  in  particular.  This  is 
also  true  for  scalar  operators  as  well.  Namely,  in  both  the  elliptic  and 
hyperbolic  cases  one  can  solve  the  inverse  problem  in  terms  of  certain 
data  T^^).  ,  k^  £  R  which  we  call  inverse  data.  These  data  can  be 

related  to  scattering  data  only  in  the  hyperbolic  case  (see  section  2.B). 
However,  the  elliptic  case  is  still  physically  important  since,  although 
one  apparently  can  not  define  physically  meaningful  scattering,  one  may 
still  use  the  above  formalism  to  solve  physically  interesting  nonlinear 
evolution  equations  (modified  KPII  and  DS II). 

In  this  paper  we  shall  consider  extensions  of  the  N  x  N  AKNS 
problem  to  greater  than  2-spatial  dimensions,  i.e.  we  shall  study 

n 

+  a  Z  0 =  q?,  a  =  On  +  iaT 

X0  4=1  1  Xl  K  l 

where  q(Xg,x)  is  an  N  x  N  matrix-valued  off-diagonal  function  in  Rn+^  and 

are  constant  real  diagonal  M  x  N  matrices  (we  denote  the  diagonal 
1  'I 

entries  of  J  by  A1  ternati vely ,  using  the  transformation 


VUg.X.k)  = 
hwere  kx  -  ox^J  = 


u(xQ,x,k)exp[i (kx-oXgkJ)],  k  e  Rn, 
n 


Z 

4-1 


ki(xi  - 


XqJ  ) ,  we  shall  consider 


n 

u  +  a  Z  ( J +  i k  [ J . , u ] )  =  qy. 
X0  4-1  4  XZ  44 


I 


.1 

* 


For  the  sake  of  completness  only,  we  state  the  following,  regard¬ 
ing  the  extensions  of  the  Schrodinger  equation  in  greater  than  2-spatial 


dimensions:  i)  Such  extensions  are  not  known  to  be  related  to  any 
nonlinear  equations,  ii)  The  inverse  scattering  of  the  classical  3- 
spatial  dimensional  Schrodinger  equation  has  been  studied  in  [23]  and  [24] 
and  more  recently  in  [25]  and  [26]. 

The  system  (1.3)  is  interesting  for  the  following  reasons: 

(a)  In  the  hyperbolic  case,  i.e.  a  =  - 1  one  may  resolve  the  physically 
important  question  of  inverse  scattering:  Given  the  scattering  ampli¬ 
tude  function  S(X,k),  X,  k  e  Rn,  find  the  potential  q(kg,x). 

(b)  A  special  subcase  of  the  hyperbolic  case,  namely  if  the  J^’s  are 
constraint  via 


p,  r  =  1 , . . . ,n,  i ,j ,1=1 .... ,N 


contains  the  N-wave  interaction  in  n+l-spatial  and  1-temporal  dimensions 
[5].  This  equation  is  the  only  known  nonlinear  system  related  to  an  eigen 
value  problem  in  greater  than  2-spatial  dimensions  (for  our  purpose  the 
self-dual  Yang-Mills  equations  is  not  an  evolution  equation). 

(c)  For  the  general  a  case  (except  a  =  -1 )  one  cannot  define  physically 
meaningful  scattering  and  there  appears  not  to  exist  any  related  physi¬ 
cally  interesting  nonlinear  systems.  However,  it  is  mathematically 
interesting  since  it  provides  a  unified  approach  to  multidimensional  1ST. 

With  respect  to  the  above  note:  (a)  In  the  hyperbolic  case  the 
scattering  amplitude  function  S(X,k),  X,  k  c  Rn  depends  on  2n  parameters, 
while  the  potential  q(xg,x)  depends  on  n+1  parameters.  This  fact,  for 
n  >  1,  three  important  implications:  i)  Using  the  8ohr's  approximation 


-5- 


it  is  possible,  in  an  elementary  way,  to  reconstruct  q(xQ,x)  in  closed 
form  in  terms  or  S(A,k).  ii)  From  the  above  reconstruction  it  follows 
that  the  time  evolution  of  q(xg,x;t)  is  linear,  hence  it  is  impossible 
for  q(xg,x;t)  to  satisfy  a  nonlinear  evolution  equation.  Thus  the  N-wave 
interaction  equation  must  be  reducible  to  2-spatial  dimensions,  iii) 

The  scattering  data  must  be  appropriately  constrained.  This  "character¬ 
ization"  of  scattering  data,  which  is  a  novelty  of  problems  in  greater 
than  2-spatial  dimensions,  expresses  the  essence  of  difficulty  associated 
with  inverse  problems  in  greater  than  2-spatial  dimensions.  (b)  In 
the  general  a  case  the  situation  is  similar  to  the  hyperbolic  case:  The 
inverse  data  depends  on  3n-l  parameters  (while  q(Xg,x)  depends  only  on 
n+1  parameters),  it  is  elementary  to  reconstruct  q(xg,x)  in  terms  of 
inverse  data,  q(xQ,x;t)  cannot  satisfy  a  nonlinear  evolution  equation, 
the  only  interesting  problem  is  the  solution  of  the  characterization 
problem. 

In  this  paper  the  following  results  are  presented: 

(a)  The  hyperbolic  multidimensional  N  x  N  AKNS  problem  (i.e.  eq.  (  .  ) 
with  a  =  -1)  is  first  considered  in  section  II:  i)  the  N-wave  interaction 
equation,  which  is  contained  in  (  .  )  when  the  J^'s  satisfy  (  .  ),  is 
reduced  to  2-spatial  dimensions  via  an  explicit  transformation  of  coordin¬ 
ates.  ii)  The  characterization  problem  is  solved  in  two  ways:  The  first 
method  requires  that  the  reconstructed  q(xg,x)  must  be  independent  of  k. 

The  other,  explores  the  analytic  structure  of  the  inverse  data 
T+(A,k),  A,  k  c  Rn  with  respect  to  k.  In  more  details:  In  IIA  we  intro¬ 
duce  eigenfunctions  u+(Xg,x,k),  u"(xg,x,k)  analytic  with  respect  to  k^ , 

for  k,  >0  and  k,  <0  respectively.  With  the  aid  of  these  eigenfunctions 
‘l  'i  “ 


we  can  solve  the  inverse  problem  as  well  as  reconstruct  q(xg,x)  in  terms 
of  a  Riemann-Hi 1 bert  (RH)  problem  uniquely  defined  in  terms  of  the  in¬ 
verse  data  T+(.\,k).  The  relevant  formulae  are  direct  generalizations 
of  the  analogous  formulae  in  2-spatial  dimensions  [16].  These  formulae 
provide  a  1  ess  effective  way  of  reconstructing  q(xg,x)  than  the  Bohr's 
approximation,  however  they  proive  the  basis  for  the  solution  of  the 
characteri zation  problem.  In  118  we  relate  the  inverse  data  T  (A,k)  to 
the  scattering  amplitude  function  S(A,k)  via  a  linear  integral  equation. 
Also  we  give  the  3ohr's  approximation  reconstruction  of  the  potential 
q(xg,x).  In  IIC  we  solve  the  characterization  problem  for  T+(\,k)  using 
the  results  of  I IA .  Because  of  I I B  this  also  provides  a  solution  of  the 
characterization  problem  for  S(\,k).  In  I  ID  we  show  that  if  the  J^'s  are 

A 

constrained  via  equations  (  .  ),  a  new  k  can  be  introduced  (which  is  a 
combination  of  the  previous  k's),  the  scattering  data  depends  only  on 
two  parameters,  and  the  character! zation  problem  is  by-passed.  This  also 
provides  an  additional  motivation  to  reduce  the  N-wave  interactions  to 
2-spatial  dimensions.  In  IIE  we  apply  the  direct  linearizing  method  to 
the  solution  of  the  inverse  problem. 

(b)  The  general  a  case  is  then  considered  in  section  III.  The  associ¬ 
ated  characterization  problem  was  first  solved  in  [28]  via  the  "T  equation 
In  this  paper  both  the  T  equation  and  its  derivation  are  somewhat  simpli¬ 
fied  by  using  slightly  different  inverse  data  than  those  of  [27],  [28]. 

In  more  details:  In  1 1 IA  we  introduce  an  eigenfunction  u(xg,x,k)  bounded 
for  all  k  c  Cn.  Using  a  3  problem  we  solve  both  the  inverse  problem  as 
well  as  reconstruct  q(xn,x)  in  terms  of  the  inverse  data 


7  J(k,,...,k  ,m0, . . . ,m  ),  k .  s  C,  m.  s  R,  i,j  =  1,...,N.  Similar  form- 
ulae  were  given  in  [27]  for  a  =  i,  in  [28]  for  general  a,  and  provide 
generalizations  of  the  analogous  formulae  in  2-spatial  dimensions  [16]. 

Here  we  use  a  slightly  different  "symmetry  condition"  of  the  underlying 
Green's  function.  The  above  formulae,  like  in  the  hyperbolic  case,  pro¬ 
vide  a  less  effective  way  of  reconstructi ng  q(xg,x)  than  the  Bohr's 
approximation  but  again  provide  the  basis  for  the  solution  of  the 
characteri zation  problem.  In  IIIA  we  also  give  the  Bohr's  approximation. 

In  1 1 1 B  we  derive  the  T  equation.  Also,  the  reconstructed  q(xg,x) 
appears  to  depend  on  k;  furthermore  there  exist  various  inversion 
formulae  for  the  solution  of  the  inverse  problem.  It  is  explicitly 
shown  here  that  the  equality  of  the  inversion  formulae  is  equivalent  to 
q(xg,x)  being  independent  of  k.  In  IIIC  it  is  shown  that  if  the  J^'s  are 
constrained  via  equations  (  .  ),  a  new  ic  can  be  introduced.  T1J  depends 
only  on  n+1  parameters,  and  the  characteri zation  problem  is  by-passed. 

This  is  consistent  with  the  fact  that  the  T  equation  is  identically  zero 
in  this  case. 

Concluding  this  introduction  we  note  that  all  results  presented  here 
are  formal:  Both  the  direct  and  inverse  problems  involve  linear  integral 
equations.  One  still  needs  to  establish  existence  and  uniqueness  of  the 
solution  of  these  equations.  Thus,  strictly  speaking,  "solved"  should  be 
replaced  by  "formally  solved".  However,  if  q(xg,x)  delays  sufficiently 
fast  for  large  x^,x  and  if  its  appropriate  norm  is  sufficiently  small,  all 
equations  presented  here  are  well  defined. 


II. 


THE  HYPERBOLIC  SYSTEM 


We  first  consider  equations  (.)-(.)  when  a  =  -1 . 

A.  The  Inverse  Problem 

Let  iTgf,  TT+f,  TT_f  denote  the  diagonal,  strictly  upper  diagonal, 

A 

and  strictly  lower  diagonal  parts  of  the  matrix  f.  Let  J  f  *  [J  ,f], 

A 

for  any  diagonal  matrix  J^,  thus  exp(J  )f  =  exp(J  )f  exp(-J  ).  If 

n  *  n  ^  . 

k  e  Cn,  x  e  Rn  then  kx  r  z  k  x  kJ  ~  s  k  J  .  Let  {f}1J  denote  the 

2=1  2,  l  |S]  H 

ij  component  of  the  matrix  f  and  {f(x  +  XgJ)}  J  =  f  J(x-|  + 

x_n  +  XgJ^).  Rewrite  equations  (  .  )  in  such  a  way  that  j]  >  >...>  . 

Proposition  2.1. 

A  solution  of  (  .  )  with  o  =  -1 ,  bounded  for  all  complex  values 


of  k,  =  k.  r  ik.  and  tending  to  I,  the  unit  N  x  N  matrix,  as  k.  -  ® 
1  1 R  1 1  1 


is  given  by 


u(xg,x,k)  = 


u  (xg,x,k) ,  kj  >.  0 
u“(xn,x,k),  k,  <_  0 


where  y"(xn,x,k)  satisfy  the  following  linear  integral  equations: 


-  r  x  0  'VA0  '•O' 


q-(xQ,x,k)  =  I  +  dC0e 


i(*n-Sn)kJ 


(1Tg+^+)(qy±)(Cg>x+(x0-c0)J,k) 


1  ^  xn"^n  ^ kl^  ± 

■  ^.(qv)(Sg,x+(x0-Cg)J,k),  k1  e  C,k2,...,kn  e  R 


or,  in  component  form 


tij  ii  fxG  i(xn‘^n^  s  k  (J2."Ji) 

y±  ( xQ , x , k }  =  +  0  d?Qe  0  0  4-1  2  *  (mQ 


(TTg+r+)  (du~ )  ^  ,x+(xo'^o^1  ,k^ 


X  0 
x0 


i(Xg-Eg)  t  k^(  +  j  j  -j 

dE0e  U  Q  1=1  *  *  u_(qU±)1J(4n,x+(xn-Cn)J1,k), 


k,  e  C,  k9, . . , ,k  e  R 


I  =►- 


where  ;  J  =0  if  i  t  j  and  c  J  =1  if  i  =  j. 

To  derive  equations  (  .  )  note  that  the  Fourier  transform, 


"( XQ  * ’  k  ^  ~ 

y  satisfies 
a 


d£  4'0(xQ,C,k)exp(-imc) ,  of  equations  (  .  )  implies  that 


^x0’x,k)  5  - n 

a  0  (2ir)n 


imx-i axnmj 

dm  e  u  A(m,k)  + 


(2m)' 


d? 


im(x-C)-ia(xn-Cn)mJ 
dm  e  U  U  (qfa)U0,5,lt) 


n  n 


where  A(m,k)  is  an  arbitrary  function  of  m,k.  Thus  u  satisfies 

o 


U^( Xg , x , k )  - 


( 2rr ) n 


R 


imx-i axnmj  -  iaxnkJ 
dm  e  u  A(m,k) 


(■X, 


(2ir)n  J  -  d?0 


R 


dC 


R 


im(x-c)-ia(xn-^n)mJ-ia(xn-5n)kJ 
dm  e  0  0  0  0  (quo)(50.5.k) 


Equation  (  .  )  with  a  =  -1  and  an  appropriate  choice  of  A(m,k)  (see  [18]) 
implies  (  .  )  where  we  have  only  used 


1 


(2m)' 


d£ 


n  n 


im(x-s)+im(xn-£n)J 

dm  e  00  f (e)  =  d5;(5-[x+(x0-50)J])f(5) 

R  '  R , 


f(x  +  (xq-?q)J)- 


For  real  values  of  k-j  one  may  relate  y  and  y  : 
Proposition  2.2. 

Let  y*  be  defined  by  equation  (  .  ),  then 


y  (xQ,x,k)  -  y”(xg,x,k)  = 


k,A  e  R  , 


dAy‘(xg,x,x)e 


I  \(x+xnJ )  -ik(x+xnJ) 

0  f(A,k)e  0 


hw ere  f(A,k)  is  defined  via 


f ( X , k )  -  dm  T  (X,m)f(m,k)  =  T,(A,k)  -  T  (X,k), 

JR 

n 


in  terms  of  the  inverse  data 

1  -U(C+C0J)  ?  ik(c+C0J)  - 

T+(X,k)  =  — —  dCQdCe  u  Tt+(qy  )(CQ,?,k)e  u  ,  k,A  e  Rn. 

(2ir)  JRn+] 


The  derivation  of  the  above  result  is  similar  to  that  of  the 
2-dimensional  case  (see  [18])  and  is  outlined  in  Appendix  A. 

Remarks  1,  Equation  (  .  )  implies  that  the  relevant  integrants  are 

analytic  in  k,  for  k,  >  0.  Thus,  assuming  that  (  .  )  has  no  homogeneous 

+  I 

solutions,  u  (xg,x,k)  is  a  holomorphic  function  of  for  k^  >_0. 

Similarly  for  p“.  Hence,  equation  (  .  )  defines  a  sectionally  holomorphic 

function  of  k,  having  a  jump  across  k,  *  0.  This  jump  is  given  by 
1  ‘I 

proposition  2  in  terms  of  the  inverse  data  T+. 

2.  Equations  (  .  ),  (  .  )  imply  that  p(xQ,x,k)  is,  in  general, 

defined  for  complex  values  of  k-|  but  only  for  real  values  of  k2»...»kn. 

That  is,  we  solve  (  .  )  for  k^  e  C,  •<2’***’*<n  £  This  in  contrast 
to  the  results  of  [28]  where  (  .  )  is  solved  for  k  e  Cn.  Thus  in  a  sense 
we  solve  here  a  weaker  problem  and  hence  our  approach  is  considerably 
simpler  than  that  of  [28].  It  is  interesting  that  both  the  questions  of 
inverse  scattering  and  of  solvability  of  the  related  nonlinear  equations 
can  be  resolved  using  eigenfunctions  of  only  one  complex  variable. 

3.  We  note  the  remarkable  fact  that  equation  (  .  )  is  solvable  in 

closed  form.  This  is  because  its  kernel  is  strictly  upper  triangular. 

For  example  if  N  -  2  then  f22  =  0,  f21  =  -T]+2 ,  f1](X,k)  = 

1 2  21 

dm  T  (A,m)T  (m,k);  similar  formulae  exist  for  any  N. 

«  •  " 


I 


■  .VvVv 


Proposition  2.3. 


The  potential  q(Xg,x)  of  equation  (  .  )  with  a  =  -1 ,  can  be 
reconstructed  from 

if  „  i\(x+xQJ) 

q(xg»x)  -  “  »  dk-jdAp  (xg>x,A)e  f(A»k^ »k2> • • • >k^) 

Rn+1 


-1Xk(x+x0-0)-i[(k1-k1)x1  +  xo(kl "kl )Jl ^ 


where  p"  can  be  obtained  from 


u  ( xg  > x  >  ^ )  +  2rri  L  dkl 
K1 

/\  » 

i  A(x+XgJ )  ~  -ik(x+XgJ)-i  [(k-|  -k^  )x^  +  (k^  -k^ ) xq J-j  ] 

dAp  (xn,x, A)e  f(X,k, ,k0, . . . ,k.)e 


The  function  f ( A , k )  is  defined  by  (  .  )  in  terms  of  the  inverse  data 
T+(A,k). 

To  derive  the  above  note  that  (  .  )  defines  a  nonlocal  RH  problem 
in  the  complex  k^-plane  for  the  sectionally  holomorphic  matrix  function 
p(xg,x,k).  By  taking  its  "minus"  projection  [30]  it  follows  that 
u~(xQ,x,k)  solves  (  .  ).  Also  if  one  seeks  an  asymptotic  expansion  of 
u(xg,x,k)  for  large  k^  in  the  form  p(xg,x,k)  =  I  +  u-|  (x^.x^*.  •  •  »kn)/k-|  + 
0 ( 1  / k -j )  one  obtains  from  (  .  )  q  =  -iJp^.  This  and  large  k-j  asymptotics 
of  (  .  )  implies  (  .  ). 


3.  Inverse  Data  and  Scattering  Amplitude  Function 

We  now  find  a  relationship  between  the  inverse  data  T  (k,\), 
k,,\  e  Rn  and  the  classical  scattering  amplitude  function  S(k,\).  T+  ar^ 

-  4- 

defined  in  terms  of  S  is  defined  below:  Let  0(Xg,x)  be  the  general 
solution  of  (  .  )  such  that  4>(xg,x)  F(x+XgJ)  as  Xg  -*■  -«  (it  follows 
from  (  .  )  with  a  =  -1  that  for  large  Xg,  sine  q  -*■  0‘,  <j>  becomes  a  function 
of  x+XgJ  only).  Then,  by  definition,  the  scattering  operator  S  is  given 
by  G  =  SF,  where  G(x+XgJ)  is  the  value  of  as  Xg  -*•  +».  Equation  (  .  ) 
implies  that  i  solves 


$(xg,x)  =  F(x+XgJ)  + 


(2m) 


im(x+xnJ) 

r*n 

dm  e 

JR  J 

-00  ' 

JR 


-im(C+^nJ) 

dCe  U  (q*)(5g,0 


Let  F(x+XgJ)  =  1/ (2m) 


dk  exp[ik(x+XgJ)]f (k) ,  hence 


<f(x0,x)  =  l/(2m)n 


dk  TL(Xg,x,k)F{k) ,  where  ^  solves 


n 


’?L(xg,x,k)  =  e 


i k ( x+XgJ )  1 


(2m) 


dm  e 


im(x+xnJ) 


-im(£+£  J) 

d£e  u  (q'FL)(C0,5,k) 


Letting  Xg  -  +<»,  the  left  hand  side  of  (  .  )  becomes  SF  and  the  right 

hand  side  of  (  .  )  involves  the  Fourier  transform  of 

( 

d^gdS  exp[-im(5+^gj)](q<p)(^g,^).  Thus,  the  Fourier  transform  of  SF 

Rn+1 

is  given  by: 


(SF) (m)  i  F(m)  + 


(2m)n 


dk 


d^  e 


■i«n(5+€gJ) 


(q\)(C0.5.k)F(k) 


n+1 


Defini tion  2.1. 

The  Fourier  transform  of  the  scattering  operator  S  is  uniquely 


defined  in  terms  of  S(m,k)  where 


,lV'_  r 


•13- 


S(m,k)  # 


( 2ir ) n 


d€0d^( 


(qyL)(5Q,^,k) 


n+1 


1 


( 2rr)  JR 


-im(^+rQJ)  ik(C+CnJ)  n 

n  )n  d^od^i e  (q yL)(r0,5,k)e  u  ,  m,k  r  R 


n+1 


and  is  defined  by  (  .  ),  while  U|_  =  'i'^expC-i k ( x+x^J ) ]  is  defined  by 

(using  (  .  )  and  (  .  )) 

X0  j(vc0)k3 


U|_ ( Xq jX,k)  —  I  + 


d€n« 


k  e  Rn. 


(  )  (  Cq  >  X"^  (  Xg  “  )  J  ,  k  ) 


Proposition  2.4. 

The  eigenfunctions  y+,  used  to  define  T  ,  and  the  eigenfunction 
uL  used  to  define  S  are  related  via: 


u"(xQ 


,x,k)  -  u^(Xg»x»k)  - 


dm  y  (xg,x,m)e 


im(x+XgJ) 

dm  yL(x0>x,m)e 


im(x+xnJ)  -ik(x+xnJ) 

0  A(m,k)e  0 


-ik(x+xnJ) 

T+(m,k)e 
k,m  e  Rn, 


where  A(m,k)  is  expressed  in  terms  of  T+(m,k): 


A(m,k)  - 


dx  T+(m,t)A(x,k)  =  -T+(m,k). 


If  one  studies  the  steps  involved  in  establishing  (  .  )  and  (  .  ) 
the  above  relationships  follow  by  inspection. 

Remarks . 

I.  Equation  (  .  )  can  be  solved  in  closed  form.  For  example  in  the 

2x2  case  A  =  -T+,  in  the  3x3  case  A(m,k)  =  -T+(m,k)  -  A(m,k),  where 


all  entries  of  A(m,k)  are  zero  except  (A{m,k)}  =  I  dr{T  (m,t)}  {T . (t , k > 

JR 

n 

2.  Using  (  .  ),  one  may  verify  that  the  second  and  third  equations 

of  (  .  )  are  equal  (see  Appendix  B). 

3.  Given  u~,  equation  (  .  )  yields  T  ,  equation  (  .  )  yields  A, 

and  equation  (  .  )  yields  • 


Proposition  2.5. 


Let  M(A,k)  be  defined  by 


M(X,k)  i  — 


JVl 


-iA(»+CnJ)  ik(c+€nJ) 

d5Qd£  e  u  (qu  )UQ,S,k)e 


A,k  c  R 


i.e.  T+  =  tt+M.  Then  a)  S(A,k)  is  given  in  closed  form  in  terms  of  M: 

S(x,k)  =  M(k,k)  -  I  dm  M(\,k)A(m,k) ,  x,k  %  Rn 
jRn 

where  A(m,k)  is  defined  in  terms  of  tt+M  by  (  .  ). 

b)  T+  are  expressed  via  linear  integral  equations  in  terms  of  S: 

T+(A,k)  +  :r+  |  dm  S(A,m)T+(m,k)  =  :r+S(A,k),  A,k  e  Rn. 

RN 

To  derive  the  above  results  first  multiply  equation  (  .  )  by 

l/(27r)nexp[-iA(x+XQj]q(Xg,x)  from  the  left  and  by  exp[ik(x+XQJ)]  from 
the  right  and  integrate  over  Rn  to  obtain 

M(A,k)  -  S(A,k)  =  -  dm  $(A,m)T. (m,k)  =  j  dm  M( A,m)A(m,k) ,  \,k  £  Rr 

R  JR 

n  n 


their  projection  of  the  first  equation  of  (  .  )  yields  (  .  )  .  Also 

to  equations  {  .  ),  (  .  ),  (  .  ),  (  .  )  corresponds  analogous  ones 


The  Characterization  Problem 


The  potential  q(xQ,x)  depends  on  n+1  parameters,  while  the 
inverse  data  (as  well  as  the  scattering  amplitude  function)  depend  on 
2n  parameters.  Thus  unless  n+1  =  2n,  i.e.  n=l  (the  2-spatial  dimen¬ 
sional  case)  the  inverse  data  must  be  appropri ately  constrained. 

Equa-tion  (  .  )  implies  that  the  right  hand  side  of  (  .  )  will  in 
general  depend  on  un^ess  f(^»k)  is  appropriately  constrained. 

This  provides  the  first  method  of  solving  the  characterization  problem 
of  the  inverse  data:  Choose  f(X,k)  so  that  the  reconstructed  q(xg,x) 
is  independent  of  » -  -  - » .  This  corresponds  to  the  well  known  "miracle 
condition"  of  Newton  [24]  in  the  inverse  scattering  of  the  classical 
3-dimensional  Schrodinger  equation.  However,  it  has  the  disadvantage 
that  it  involves  p~(xg,x,k)  which  depends  via  (  .  )  on  f(X,k). 

More  explicit  constraints  on  f(X,k)  can  be  found  by  utilizing 
the  fact  that  f  is  defined  in  closed  form  in  terms  of  T+,  which  are 
defined  in  terms  of  analytic  eigenfunctions.  Actually  T+  satisfy  the 
following  "analytici ty"  constraints: 

Proposition  2.6. 


E+(xQ,x,k)  = 


iX(x+xnJ) 

dX  e  T+(x,k)e 


-ik(x+xQJ) 


Then  E+  satisfy 


( Xq  , x , k )  —  d^TT ^ ( du  )  ( E0  * x+ ( Xq-Eq  ) C  , k ) , 

R1 

i.e.  the  functions  E+,  E_  are  analytic  functions  in  the  lower  and  upper 
halves  of  the  k, -complex  plane  respectively. 


To  derive  (  .  )  multiply  (  .  )  by  exp[U(x+xQJ) ]  from  the  left, 

by  exp[-ik(x+XgJ)]  from  the  right  and  integrate  over  R  Since  u"  is 
analytic  in  the  lower  half  k-j-plane,  so  is  E+;  similarly  for  E  . 

Rema rks . 

1.  The  above  analyticity  constraint  is  conceptually  analogous  to  the 
faddeev  condition  [23]  in  the  inverse  scattering  of  the  classical 
3-dimensional  Schrodinger  equation. 

2.  Comparing  the  above  method  of  solving  the  characterization  problem 
to  that  used  in  [28]  we  note:  In  [28]  the  inverse  data  are  defined  in 
terms  of  an  eigenfunction  u  of  n  complex  variables  k^,...,k  .  This 
eigenfunction  is  not  analytic  with  respect  to  any  k^ ,  i.e.  Su/Sk^-  t  0, 
and  the  characterization  problem  is  solved  by  utilizing  the  symmetry  of 
3u/3k.j3kj  with  respect  to  i,  j .  Here  we  work  with  eigenfunctions  which 
are  not  bounded  for  complex  k2,...,kn  but  which  are  analytic  with  respec 
to  k.|,  hence  the  characterization  problem  is  solved  by  utilizing  pre¬ 
cisely  this  analyticity. 


0.  The  N-Wave  Interaction  Equations  Are  2-Dimensional . 


The  N-wave  interaction  equations  for  potentials  with  components 


qlj(xg,x,t)  are  given  by 


Equations  (  .  )  are  the  compatibility  conditions  of  (  .  ),  in  the 

special  case  that  the  J  ' s  satisfy  equations  (  .  ),  and  of 


1  £ 


W*  +  2  Bobv  +  i  Z  k.[B. ,u]  =  Aq, 
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where  A  and  8  are  given  by  A^  =  -a^  .q1'^,  a.  i  =  (8£  -  s|)/(J£  -  J^). 

Hence,  the  formalism  derived  in  the  previous  sections  can  be 
used  to  linearize  (  .  ),  also  the  time  evolution  of  the  inverse  data 

f(x,k)  is  given  by 

=  i  l  (f(X,k;t)k£8£  -  B£f(X,k;t)). 

(To  derive  (  .  )  use  (  .  )  in  a  similar  way  to  that  used  in  the  2- 
dimensional  case,  see  [30]).  However,  because  of  the  constraint  (  .  ) 
the  above  formalism  can  be  simplified. 

Equations  (  .  )  can  be  used  in  two  interrelated  ways: 

i)  From  both  equations  (  .  )  and  (  .  )  it  follows  that  one  may 

A 

introduce  a  new  parameter  k,  which  is  a  combination  of  k,,...,kn 
i  ff 

Z  {J£  -  j|)k£  =  (jJ  -  for  all  i , j  =  l,...,n. 

It  is  interesting  that  if  equations  (  .  )  are  valid,  then  equa¬ 
tions  (  .  )  fre  always  solvable  for  k.  This  fact  will  be  illus¬ 
trated  later  for  the  general  a  case.  Here  we  only  point  out  that 
if  N=2  equations  (  .  )  are  always  solvable.  Hence,  the  inverse 

problem  for  N=2  in  n+1  spatial  dimensions  can  always  be  solved 
using  only  one  complex  variable. 

ii)  With  the  introduction  of  a  new  k,  the  inverse  data  depends 
only  on  2  parameters .  This  suggests  that  if  the  J£'s  satisfy 

(  .  )  then  equations  (.),(.)  are  reducible  to  2-spatial 
dimensions.  This  is  indeed  the  case: 


If  equations  (  .  )  are  valid  then 

J  =  J  +  a  (J  -  J  ),  Jp  =  ct  J]  +  b p J2 >  a,  a,  b  constants 
Using  equations  (  .  ),  equations  (  .  )  with  a  =  -1  become 

=  (qf)^ 

L2f2^  =  (qf2^) 

{akL]  +  (1-ak}l2}fk^  =  (qf)kj,  k  >  3,  j  =  1,2,... 


’0  =  x0’  ^1  =  X1 ’  ?2  =  x2  + 


[I 


~ —  J,  —  ,  on  the  characterise  c  coordinate  t  :  =  R. 

1  3x  d£. 


To  derive  the  above  results  first  note  that  (  .  )  imply  that 

Up  -  JpVUj  -  Jp>  ■  U'r  -  4>'<4  -  4>  -  a1.  4  ’  ^4  '  Jp>  *  4 

which  is  the  component  version  of  (  .  a).  Hence  there  are  two  inde- 

"*‘1  ~*2 

pendent  row  vectors  J  ,  J  ,  which  implies  that  these  exist  at  most  two 
independent  column  vectors,  say  and  (  .  b)  is  valid.  Thus 

(  .  )  becomes 


1  r  3. 

1  i=l  1  aX2. 


+  J.  i  b  +  q*. 

d  1=2  Z  dXZ 


Introducing  the  coordinates  y-j »  X2  anc*  then  writing  (  .  )  in  component 


form  we  obtain 


34f  J  .  ,k  ar 


+  /  as ±  ♦  (,„«  . 
c  °x2 


Equations  (  .  )  follow  from  (  .  ),  where  for  k  >  3  we  use 

k  2  k  1  2 

J  _  =  J  ct  (J  -  J  ),  p  =  1,2.  Thus  there  exists  only  two  important 

r  K  r  r 

operators  L1 ,  i  =1,2.  Using  x0  =  ^  =  X] ,  =  Xg  +  3xQ  these 

operators  become  a/asjg  -  j]  3/3^  +  (S-J^)  3/3E £•  For  the  existence  of 
a  characteristic  coordinate  x  we  require 

3  '  J2  6  ~  J| 


The  first  equation  above  determines  3  (see  (  .  )),  the  second  deter¬ 
mines  R  (see  (  .  )). 

Manakov  [31]  also  suggested  that  the  N-wave  interactions  are  re¬ 


ducible  (see  also  [32]) . 
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E.  Direct  Linearization 

The  essence  of  the  "direct  linearizing  method"  [33]  is  the  exist¬ 
ence  of  certain  linear  integral  equations  (such  as  (  .  )),  the  solution 

of  which  are  related  via  some  formulae  (such  as  (  .  ) )  to  the  solution 
of  certain  linear  eigenvalue  problems  (such  as  (  .  )).  Clearly,  the 
above  formalism  provides  a  formal  solution  of  the  inverse  problem. 

Also,  if  there  exist  nonlinear  evolution  equations  related  to  the  under¬ 
lying  linear  eigenvalue  problems,  such  a  formalism  Drovides  also  a 
formal  linearization  of  the  nonlinear  equations.  Further  discussion  of 
the  above  method  for  one  and  two  spatial  dimensional  problems  can  be 
found  in  [34].  Many  applications  can  be  found  in  [35]  and  [36].  Here, 
we  only  point  out  that,  although  the  direct  linearizing  method  is  both 
strai ghtforward  and  effective  in  producing  special  solutions,  it  is  not 
suitable  for  solving  initial  value  problems.  This  is  because,  given 
q(xQ,x,t=0)  it  is  not  clear  how  the  measure-contour-i nverse  data  can  be 
chosen  (see  below) . 

Proposition  2.8. 

Let  u(Xg,x,k)  be  a  solution  of  the  linear  integral  equation  in  k-j 


i(xQ,x,k)  -  j 


do(A,k, )  [ 

C  1  Jr 


dAu(xg,x,A)e 


i  A(x+XqJ ) 


,kn)e 


■i  kfx+Xj-jJ  )-i  [(k-|-k-|)x+(k^-ki  }XqJ] 


k  i  -  k 


where  the  measure  dq(A,k^),  contour  C,  matrix  f(X,k)  are  essentially 
arbitrary.  Assume  that  the  homogeneous  integral  equation  corresponding 
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to  (  .  )  has  only  the  zero  solution.  Then 


dp( k,k1 ) 


d\u(xn ,x,A)e 


i A(x+xnJ ) 


x  f<A*kl -k2 . kn)e 


■Tk(x+xQJ)-i[(k1-k1 )x+(k1-k1 )xQJ] 


solves  equation  (  .  ). 

To  derive  the  above  results,  define  the  linear  operators  L^, 

Px  x  f  via 

Ag  )Aj 


(Lwg)(xn,x)  ?  ~  g  -  I  (j3gv  +  ik,[J3  ,g]) , 


2=1  1  Xz 


(?xn,x,f  g)(kl)  *  '  zli  i  d°(A*ki) 


JC 


dAg(xQ,x,A)e 


iA(x+xQJ) 


f(A*ki  ,k2’ •  •  •  ’kn-*e 


-ik(x+x0J)-i[(k1-k1)x+{k1-k1)xQJ] 


kl  '  kl 


By  direct  computation  one  may  verify  that 


^Lk,Px0,x,f^Vx’k)  =  "  2r  J 


do(A  ,k1 ) 


dAg(xQ,x,A)e 


i  A(x+XgJ ) 


-  -1k(x+x,.J)-i[(k1-k1)x+(k,-k,  )xnJ] 

”  'h-w- 0  11  1  0  • 

Equation  (  .  )  can  be  written  as 

y(x0,x,k)  =  I  +  (pXojX<fy)(ki)- 

Applying  the  operator  -  ql  on  (  .  )  and  using  (  .  )  it  follows  that 

( )  Vi ( Xg , x ,  < )  -  ^  ^ l  ( _q ) u ( Xg , x , k  ) } . 

Hence,  assuming  that  (  .  )  has  no  nontrivial  homogeneous  solutions  the 

above  equation  implies  (L.-q)y  =  0  which  is  equation  (  .  ). 


III.  THE  GENERAL  a  CASE 


We  now  consider  equations  (.)-(.)  for  arbitrary  complex  a. 
A.  The  Inverse  Problem 


Proposi tion  3.1. 

The  solution  of  (  .  ),  bounded  for  all  complex  values  of  k  and 
tending  to  I  for  large  k  is  given  by 

i  j , 


i  i  i  i  (°r ) 

u  J(xQ,x,k)  =  q  2  +  sgn  — 


i  8  (Xq-sq  ,X1  ^ 


dSndS 


0^1 


(^I'Ai  )  -J  ^xo"^>0^ 


ji 

(qu)lj(C0,4rx2  '  ~f  »••••  V^V^)  ~T  ’  k^’  k  £  ^  ■ 


J1 


'1 


where  B1J  is  defined  by 


n  j!  -  jj: 


3  ^ (xq,x^ ,k)  r  E  la  1  [xQ|a|  k$ 


x1 (ck^) 


i- 1  aI 


I],  k  *  k.  +  ik. 


l  £r  lt 


Equivalently  p1J  satisfies 


p1J(xn,x,k)  =  ;'J  + 


tJ  sgn(aIJ]) 


'O'"’1'1  “  s  2iri 


1 


d?ndC(-  n_i 

Vi  <2*>  JVi 


2  ia1 (x-5,m) 


dm  e 


i S  ( ^ )  j  i 

e  0  0  11  (qu)^(^,c>k) 


xl'^l  '  aJi (xo"?q) 


where 


,  I 

2  i  n  0 

dm  ?  dm,  ...  dm  ,  a  (x,m)  #  I  m  (x  -  x,  — ■-  ) 

^  n  i-2  11  1  j’ 


To  derive  the  above  note  that  the  exponential  of  the  second  term 
of  the  right  hand  side  of  equation  (  .  )  involves 
n  n 


E’J  4  1  i,  VVH*  -  1o  i,  K  ”i  *  (Ji  -  ■,i>kl]<x0-50).  The  rsal 


c1  j  - 
WR 


part  of  E1J  is  given  by 


J1CffiJIin1  *  <JrJi)(ckl>i](xo-5o)’°iJl"'i  * 


The  second  term  of  the  right  hand  side  of  equation  (  .  )  also  involves 


fx0 


the  integral  j  w  d^Q 

J  -oo 


dm. ,  which  equals 


r  o 


1 


dm. 


r 


dm. 


'1 


d£g  dm^ ,  for  arbitrary  .  Since  the  third  term  above  can  be 


canceled  out  of  (  .  )  with  an  appropriate  choice  of  A(m,k),  it  follows 


that  one  can  always  achieve  boundness  of  u  for  all  complex  values  of  k: 


Choose  M-j  such  that  is  less  than  zero  in 


d^  and  greater  than  zero 


in 


d^,  i.e.  =  -E^/CjJ^  for  a-jJ^  >  0  (otherwise  change  sign). 


The  integration  can  be  performed  explicitly:  The  coefficient  of  in 
E1J  is  i(x-j-E^)  -  iaj](xg  -  Cq)»  hence  this  quantity  will  appear  in  the 


denominator.  Also  E1J  evaluated  at  m,  -  Mr  becomes  i  Z  m  (x.-C,)  - 

~  **  ~ 


(x1-C1)J1i/j]  +  i3IJ  (xq-Cq.  x^-E^,k).  Hence  (  .  )  yields  equation 


.  )  by  using  the  fact  that  the  integral  over  dnr  is  a  product  of  ; 


functions  with  arguments  ^  =  x,  -  (x^ . 


Remarks . 

1.  Equation  (  .  )  with'n=l  is  equivalent  to  the  analogous  one  of  2- 
spatial  dimensions,  e.g.  equation  (  .  )  of  [18].  Equation  (  .  )  actually 
appears  simpler  because  the  m^  integration  was  not  carried  out  in  the 
2-spatial  dimensional  case. 

2.  Equation  (  .  )  is  also  equivalent  to  that  of  [28].  The  only 

difference  is  that  the  exponential  of  [28]  involves  (x  instead  of 

( x-j )/ J ^  of  (  .  ).  However,  these  two  terms  are  equal  due  to  the 
existence  of  the  underlying  ;  functions. 


3. 


By  letting  -  x^  +  l  -  2 in  equation  (  .  )  one 

may  obtain  a  more  symmetric  equation  for  y1^: 


TJ 


(VVVT . X/T|s:ii‘iilwii 


J 1 X, 


0  1  2 


x^0’*l  *  x2  +  i  M  ,xn  +  ,i  ’1  ’  k^’ 
J*,  J  i 


1  H 

where  is  derived  in  (  .  ). 


4.  Equation  (  .  )  suggests  that  y1J(Xg,x,k)  =  y  ^(xg.x^x^  -  x,  — -  , 
x,  J 

...,x_  -  -----  -  ,k).  It  also  suggests  that  in  the  proper  coordinate  system 


n  J1 


equation  (  .  )  should  be  in  some  sense  reducible  to  only  2-spatial  dimen¬ 
sions.  This  is  indeed  the  case:  Equation  (  .  )  in  component  form  becomes 


+  a  l  +  io  L  k  (J1  -  j{)u1j  =  (qu)1j. 

x0  Z=1  1  XZ  Z=1  4 


Let 


H0  =  V  S1  =  xr  Sr  »  xr  -  x]  ■  ,  r  =  2 . n, 

J1 


i.e.  3/3Xq  =  3/35^,  3/3xr  =  3/35r>  r  =  2,...,n,  3/3x-|  -  3/3E^ 


r*  2 


J^3/jj  35^  .  Then  (  .  }  yields 


ylJ  +  aj}ylj  +  ia  I  k„ ( jl  -  =  (qy) 

-Q  1  “1  Z=1  4  4  4 


5.  Equation  (  .  ) ,  as  well  as  equations  (.),(.)  indicate  that 


the  direct  problem  associated  with  equation  (  .  )  is  in  some  sense  2- 
spatial  dimensional.  However,  the  2-spatial  dimensional  results  are  not 


directly  applicable  due  to  the  shifting  in  the  arguments.  Let  us 
illustrate  this  for  the  2x2  case  in  3-dimensions: 

jl 

y11  (xg.Xj  ,x2)  =  1  +  g1 1  (q^21  )(Cq,C1  ,  x2  -  )  ~j) 

j2 

^(x0,xrx2)  =  g21  (q2u11  ,  x2  -  (x^-C^ )  ). 

J1 

Clearly  y^  appears  with  different  arguments  in  the  two  equations. 
However,  one  may  still  obtain  a  solution  by  iteration.  The  same  is 
true  for  the  equations  correspondi ng  to  (  .  ). 


Proposition  3.2. 


a)  The  function  31J  defined  by  (  .  )  satisfies 


3  i61J(xQ,x1 ,k) 


rf-  <xi  -  xoJi  )<JJ '  jJp>' 

2J1°I 


3^'(k)  -  S1j'(k)  =  3il-(kij(k)),  k]j  «  (k,  -  Z  {~k  +  k  )-^T 

1  R  £=1  aI  lR  J 


k’J  =  k  k1'^  =  k 
*2  *2”  *  *  ’  n  V 

where  6 1  ^ ( k )  denotes  s1' J' (xQ ,x^  ,k)  and  kjJ  =  kjJ'  +  ik^J  =  (k^  ,  k^y 

R  I  R 

b)  The  functions  31J,  a1  defined  by  (.),(.  )  respectively 
satisfy 

a4(m)  +  3ij(k)  -  a1  (M)  -  3ij(k)  =  +  3Zi  ( A1’ j  (k  ,M) ) , 

where 

n  J1 

*  (klJ  -  Z  M  4-  ,k,  ),  AlJ  =  (k  +  M  k  ),  r  =  2 
1  ‘r  Z=2  ‘i  r  rR  '  I 

To  derive  equation  (  .  )  just  use  3/3k  =  j  3/3kR  -  3/ 3k ^ • 


derive  equation  (  .  )  note  that 


3-00  -  s-oo  ■  ^  ^  -  jf  *  ^V*v> ^ 


jJ  jj  j’  4  J*  -  jj.  -  jj>  <j*  -  jj) 


a  a  0  ii 


J  J,  J: 


n  ui  ui 


■31  ii  ^  i  31  ?  ( d  "  J  r ) 

3U(k)-S  (k)  =  ^  ^^r-Jr)xola|2krI  “  - - xl(ckr}I]  + 


(Jj  -  j{)  n  (jj.  -  JJr) 

- : -  X,  I  - ■ - 


'I  J: 


-  — - r^~  -kr  • 

r=l  j]  rI 


Hence  3^(k)  -  31J(k)  =  S^^k^),  where  all  k's  are  invariant  except  k-j 
which  satisfies  k1^  =  k-j  ,  (ak|J')j  =  (ak^j  -  Z ^  (akr)I(jJ.  -  . 

To  derive  equation  (  .  )  note  that  its  left  hand  side  equals 


n  J  n  ,  i 

Z  (m  -  M  ) ( x  -  x,  -j)  +  z  (J*  -  J  ) 
-2  r  r  1  J,  r*l  r  r 


x0|o|  k 


P!  Wr‘  Ji)  >kl>I  !  Jr„  , 

-  - - -  x»  I  2.  -  - ' - + - 2  — r  M  J  - 

J?  1  r=2  j}  aI  aI  r=2  J  r 


n  J*-  J’  >Ml  + 
r=2  J*  1  aI 


Hence,  equation  (  .  )  follows  where  is  defined  by  =  k^  for 

all  k's,  =  (ckr)j  +  Mr,  r  =  2,...,n,  (axj^)j  =  (akj^)j  - 


Using  the  above  relationships ,  3u/3kp>  i.e.  the  departure  from 
holomorphici ty  of  the  eigenfunction  y  can  be  evaluated: 


Proposition  3.3. 


Let  y1J  be  defined  by  equation  (  .  ).  Then 

ij 


,  -j  •;  a  i  ,  X-.  ,  k ) 

(x0,x,k)  »  I  Y  (Jo-Jj)e  0  1 

9kn  u  i,j  p  p 


1 


(2r) 


n- 


2elal(X’m)TTJ(k>m)u(x  xij(kjIIl))E 


dm 


n-1 


U 


where  31J,  a1,  a1j  are  defined  by  (.),(.),(  .  )  respecti vely , 

E .  .  is  an  N  x  N  matrix  with  zeros  in  all  its  entries  except  the  i j=k 

*  J 

which  equals  one,  and  y1 ,  T1J  are  given  by 


4iri  jJ^Cj 


T1'*  (k  ,m)  = 


dSgdSe 


-i3lj(?0,?1  .kHa’U.m) 


(qu)ij(E 


n+1 


To  derive  equation  (  .  )  note  that  Su^/Sk  satisfies  the  same 

equation  as  y1J  where  the  forcing  l;"IJ  ?s  replaced  by 
Y^Jp  -  dp)exp[i81J(x0,x1  ,k)][R  ^  dM2exp[ia1  (x,M)T1J'(k,M)/(2m)n"1 . 

Using  y  =  z  y1J£..  it  follows  that  the  forcing  of  the  equation  satis- 
i  ,j  J 

fied  by  3y/3k  is  given  by  the  above  times  E . , .  Hence 

~=  Z  y1  (Jq  “  Jq)  - Vt  I  dm2T1  j(k,m)N.  .(xn,x,k,m) , 

3kp  i,j  p  p  ( 2tt ) n  '  iRn_i  ^  0 


where  N..  is  a  matrix  valued  function  satisfying  an  equation  similar  to 
that  of  y  but  with  different  forcing: 

y(xQ,x,k)  =  I  +  (Gu) (xQ ,x,k ) ,  H..  =  el(s  ^^E.j  +  SN^  . 

Equation  (  .  )  implies  that  N. .  =  (0, . . . ,N^  • , . . .  ,0) ,  where  the 

w  J 

components  of  the  vector  N.  •  satisfy 


N*j(x0,x,k,M)  =  e 


i  (31J(xn,x1 ,k)  +  oc1(x,M))  ..  .j. 

0  1  ;1J  +  (GZjN*i 


i j ) (x0 .x,k ,M) 


Multiplying  by  the  negative  of  the  exponential  appearing  in  (  .  )  and 

using  (  .  )  it  follows  that  (x^  ,x  ,k  ,M)  =  u2,1  (x^  .x,:^  ^  (k  ,MM) ) . 

Hence 


N^j  =  (0,. . .  ,u'  (Xq,x,a1J)  =  u(x0,x,AIJ  )E,.j. . 


ij 


J 

Using  the  above  in  (  .  )  we  ootain  (  .  ). 


Proposition  3.4. 

The  potential  q(xg,x)  of  equation  (  .  )  can  be  reconstructed  from 


q(xQ,x)  =  ^  dk^  dk^  (x0  ,x  ,k] . kp-l  ’kp  .kp+1 , . . .  ,kR) , 


p  s  1 . n. 


where  5u/3kp  is  evaluated  by  equation  (  .  )  in  terms  of  T1J,  y1J.  The 

eigenfunction  y  is  reconstructed  by 


u(xn,x,k)  =  I  +  1  [  dk'  dk' 

0  T  Jr2  PR  PI 


Tr8-  ^xo  ,x,kl  ’•  •*  ’kp’* '  •  ,kn 
3  0 _ 

k  -  k' 

P  P 


»  p-1 , . . .  ,n. 


To  derive  equation  (  .  )  inverse  3u  in  the  variable  k  .  Equation 

(  .  )  then  follows  by  a  similar  argument  to  that  used  in  Proposition  2.3 


Remarks . 


1.  The  forcing  of  the  equation  for  3u/3k  can  also  be  written  as 
t  -  J^)exp[i3lj(xQ,x1  ,k)]ti,;i(k-,x2-x1J2/J^  ,...,xn-x1jji/J11)tij 


>  J 


where  t 


i  j  _ 


r 


dn^expCicJ  (x  ,m)  ]Ti  ^  (k  ,m)/ (2m) 


n-1 


n-1 


2.  The  results  of  the  Proposition  (3.4)  can  also  be  directly  verified 


(see  below). 


3. 


The  Characterization  Problem 


Equation  (  .  )  indicates  that  there  exist  n  inversion  formulae 

for  .  Furthermore  equation  (  .  )  indicates  that,  unless  the  inverse 

data  T1"'  are  appropri ately  constrained,  the  reconstructed  q  will  de¬ 
pend  on  k.  We  now  show  explicitly  tnat  q  being  independent  of  k  is 
equivalent  to  the  equality  of  all  the  inversion  formulae.  This  is  a 
direct  consequence  of  the  following  result: 

Proposition  3.5. 

Let 


( L^g ) ( Xq , x ) 


23 L 

5Xq 


n 

1=1 


+ 

l  3x 


n 

Z  k  [J  g], 
i=l  4  4 


(Px  x  k-k  g)(kp)  •  t  Cl  dk^  dk 

XQ,X,<  <p  p  7T  jR^ 


PR  TlR 


«  *  -  JJ) — 1 

1  .  j 


2  is  (x«,x,kp  _■  -i 
e  0  T1J(kp  , 


P  (Em)"1  JRn.1 


dm 


m)g(x0> 


k  -  k‘ 
P  P 


wnere 


.ij 


;xQ,x,k,m)  =  31J  (xQ,x1  ,k)  +  ct1  (x,m) ,  kp  denotes  k-j  ,k2, ...  ,kp .... , 


Then 


[U  »P  x  k.k  g](xQ,x,k)  =  ^  5  :  dk'  dk!  :  - —y  ; 

K  VX’X  kp  0  1  piR?  °R  R  i.j  p  p  (2m)n  '  - R 


n- 


2  is  (Xq,x,<  ,m)  i  •  ■  i 

dure  T  ^{'<p  ,m)g(xQ ,x,A1J (kp  ,m))E ... 


To  derive  equation  (  .  )  note  that  the  term  L,  (p 


r,\ry  v  U  —  ^ 


g)  involves 


[i  (r~  +  o  I  J,  r^-)£  J(kP  JjqE-  +  (~  +  a  I  Ji  3f“)gEi  <  +  ic  1  k  i’gEi  ^  ’ 

V3X„  „_n  *.  3X,  >J  3Xq  ^_i  *-  3*q  1  J  3  =  1  *-  *-  '-J 


jaq  Z=1  *• 

while  the  term  p 


x0,x,k-k  (Lkg)  involves 


<4  +  ^;,  J,  *lj(kp  JCJ^glE^j 


i  *  j  1 

Two  of  the  above  expressions  cancel  out,  also  since  (g£^)  is  non- 

i  1  i 

zero  only  if  j=j‘  in  which  case  equals  g  , 


{[<£■  ♦  5  "  J,  t3->«,J)9£<j>1’1’  *  tu£-  +  «  E  Jz  - 

3  0  i=i  c  °*1  J  3  1  1-1  i 


C  (tz 


0  l-l 


)1  Vj  ]g’  \ 


-  K'  -  i\Hv\ 

i  1  i 

Hence,  [L  ,p  ,  ]g  involves  i erg  times 

K  Ag,A,^-K.p 


n  J?  -  J3 


i  Mol  -  jj,  )  *  i 

i=i  L  1  1  i=i 

- ,  n  J ,  n 


. ,  n  J  -  J3 


u  3  n '  l  1  "  u  .1  u  o  n 1  UR  n  ' . 

-jk  -J  Z  '“S  '  (k?  +  —  )  - 

I  ZI  1  1=1  J  ZR  aI 


j  t  n  J  n  *i  n  »i  •  _i  — i 

J  E  m  -f+  s  J1  m  -  z  (J  -J)(ikP  +  kP  +  m)  - 
1  1=2  1  J  1=2  1  1  l*Z  1  1  h  ZR  l 


(J|*  -  31)C^P'  -  kp'  -  Z  (kp‘  ^kP')^ 
1  1  'i  'R  1=1  ZR  aI  ZI  Jj 

The  above  expression  equals 


j’  -  O'?  n  J 


?  —  m  ] . 

hj;  1 


j,  ki(Jl'  •  ji’>  -  j,  = 

which  implies  equation  (  .  ). 
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Remarks . 

1.  The  above  proposition  implies  that  the  direct  linearizing  method 
is  also  valid  for  the  general  o  case.  The  relevant  result  is  directly 
analogous  to  Proposition  2.3. 


2.  q  =  [L.  ,p  .  .  ]y,  p=l,...,n  where  the  p  expression  is  inde- 

X  Xq  >  X  )  \  “  K  p 

pendent  of  kn.  Suppose  l..  MV  t  W  «  I  IUV  IUV.U  V  V/  I  rNp,l>n 


—  r 

.  .  Suppose  that  q  is  independent  of  kQ,kn,  then 


[l.  ,p  v  l,  l  ]u  =  [U,pv  v  u  ]u.  Hence  (p  v  .  .  )y  =  (pv  Y  .  )u. 

k  xQ,x,k-kp  th  0  ’  *n  Xq ,x  ,k-kp  xQ,x,K-Kr 

i.e.  the  p  and  the  r  inversion  formulae  are  equal  q  is  independent 

of  both  k  ,  k  . 

P  r 


Proposition  3.6. 

a)  Assume  that  3u/3kp  is  given  by  equation  (  .  )  and  that 

T1J(k,m)  is  given  by  (  .  }.  Then 

L^T1J'(k,m)  +  z  - i  dM2TU(XZj(k,M),m-M)Ttj(k,M) 

rp  z=i  (2TT)n“1 


wnere 


L1J  *  (J1 
rp  '  p 


jJP)  4- 

P  3kr 


-  (j;  •  W 


3k. 


b)  Assume  that  3u/3kp  is  given  by  equation  (  .  )  and  that 

3“u/3kr3kp  is  symmetric  with  respect  to  r,  p.  Then  T1J(k,m)  solves 


To  derive  equation  (  .  )  note  that 

Mfr 


* 


Rn+1  iEr 


3k. 


TlJ  )]qu(XiJ  ( <  ,  M )  E  j  ,  }' 


Since  (yE  s , )  J  is  non-zero  only  if  j  =  j1,  evaluate  the  above  at  j  =  j 
Also  equation  (  .  )  implies  -s^  (k,M)  +  (k,M)  =  -3^(Xio  (k,M);  - 


a^'m-M) ,  and  since 


\ ii  (,  U 


d^d^expC-iB^  (XZj  (k  ,M) ) ]exp[-i a^(m-M) j 


( k  ,  M ) )  =  T^  ( X  (k,M),  m-M)  ,  equation  (  .  )  follows. 


To  derive  the  second  statement  of  Proposition  (3.6)  first  note 


,ij  J3  J(k) 

rp 


=  0,  lj.p  u(X^  (k  ,m) )  =  LJ.J  u(k) , 


3ij(k)  +  a1  (m)  +  3i'1’(Xij(k,m)  +  a1'  '  (M)  »  31  'J"(k)  +  a1'(M+m), 


x  X1  1 (X1J (k,m) ,M)  =  X1  J(k,m+M). 

Equation  (  .  )  follows  from  (  .  ).  Equation  (  .  )  means  that,  with 

respect  to  tne  operator  L  ,  y ( X1  ^ )  should  be  treated  as  if  its  k's 

r ,  p 

were  not  shifted;  it  is  an  obvious  consequence  of  the  definition  of 

To  derive  equation  (  .  )  use  (  .  )  to  substitute  for 

31 '7  (X1J(k,m))  =  a1 '  (M)  +  31  J(k)  -  a1  (a)  -  31J(k)  -  a1  (M-m) .  Equation 

i  i 

(  .  )  follows  from  the  definition  of  A. 


means  that,  with 


. i j , ,  ,  ,  1  fR,  (J1  "  J~P  1  k  .  Ii  k 

I  I  ri  »  I  ■w'T  'T  1  i—O  ^  T  **  ^  1 

R  R  J1  i  i  J1  l- l  K  I  i  u. 


nence 


l1  id  -  ] 1  iJ 

J'i,  _  J1  □_  -R  .  ,1  J1N 

a  i  ( X  { < , m ) , M )  -  •,  \  k ,  •  -  k  .  (  :  ) 


—  k,  ( - p — )  -  Z  (k„  +  m  +  —k  )( - pr 

01  1  J!  -R  01  1  Ji 


4  -  :  «i  -f 

Z=2  A  j! 


aR  J!'  '  J1  n  aR  Jj'-Jj 

=  kl  T  “  ~  ki  ^ - T — )  -  -  (k£  +  )(— j p — ) 

*R  j]  aI  'i  j’  1=2  LR  °l  ll  j] 


1  ^  OJ 


,E,  (V  V  ir-  x\ 


3kr3kp  3Kp3&r  (2m) 


-Ur  z 

^)n  i  J-* 


j_  d.Vl#.U  (k-")T(J(k,n,)u(iij)Eij}. 


Jsing  (  .  )  it  follows  that 

1U  *— U-  I  '  dm2YieiE'J(k'")(L;jTij)p(xij)E1i  * 

(2u)n'' 

E  f  dm2dH2Y,Yi'eiCE’J(k>“)<'el,J'<AU(k-",KM):,TiJ(k,in) 

(2irrn’‘  i , j , i  ’  .j'JRo  o 


T1,'J,(Aij(k.jn),M)  + - Uy  I 

(2*)^  i  ,j,i  *  .j'-'R, 


,2  ,m2  i  i 
dm  aM  y  y 


!Ue,J(k.«l)  *  d',JVJ(k,m),M)]Tij(kim)Ti'j'(x,j(k,m),M)-nJ(ii'J'(X13(k,n.),M; 


X  P  P 

Ei'j' No¬ 


where  7T  i  -jj  )  -  (Jj.-0^)(Jp  -dp  ).  Since  E^E^.  is  non 

zero  only  if  i*j  in  which  case  equals  E - , j  it  follows  that  the  above  should 
be  investigated  at  i  =  j ' .  Then  the  first  term  of  A  u  involves 
/dp  y^  exp[iei  ^ (k ,p) KL^T^  ^(k,p))u(X^  J'(k,p)),  while  the  second  term 
involves  (using  equations  (  .  )  and  letting  m+M  =  p) 


idw  ,i '  i J  ' 


//dp  dm  y‘  Y1exp[ie1  J (k,p)]T‘ 3 (m)T1  1 (X1 3 (k ,m) ,p-m)u(X1  3(k,p).  Thus 
Au=  0  implies  the  "T  equation"  (  .  }  (to  obtain  the  identical  variables 
of  (  .  )  1  et  i 1  -  i ,  i  -  i ,  p  -  m ,  m  -  M ) . 


c.  A  Special  Case  and  the  Hyperbolic  Limit 

Equations  (.),(.)  indicate  that  one  may  introduce  a  new 

a  ^  i  i  i  i  ^ 

parameter  k,  which  is  a  combination  of  k,  iff  Z  ( J  - ) k  = 

]  ill  ii 

for  all  i , j  =  1,...,N,  i.e.  iff  equation  (  .  )  is  valid.  In  this  case 

z  =  (Jj  -  and  z  (J^-j|)(akz)r/J^  =  (jij-J3 ) (ak) r/jj 

and  hence  313  (xq,x.j  ,k)  becomes  31 3 ( Xq ,x,k) . 

If  N=2 ,  or  if  equations  (  .  )  are  valid  then  equations  (  .  ) 

are  always  solvable  for  k.  To  fix  ideas  consider  the  N=3  case-  Then 
equation  (  .  )  is  solvable  iff 

=  \  <JrJX  5  (Jz"Jz)kz 


7H2 

JrJ1 


Tl  ]3 


l2  J3 
J1  J1 


However,  if  equation  (  .  )  are  valid  then 


Multiplying  the  above  by  k^  and  summing  over  i  we  obtain  (  .  ).  The 
general  N  case  is  a  trivial  extension  of  the  above  where  one  uses 
(jj-j3)/(jj-j3)  =  )/(jj~J^  ).  From  the  above  it  follows  that: 

Proposition  3.7. 

One  may  always  introduce  a  new  k  =  z  (J^-d3)/j| in  equation  ( 
provided  that  N=2  or  the  J  's  are  constrained  according  to  equation 
(  .  ).  In  this  case  the  inverse  data  depends  only  on  n+1  parameters 
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(kR,k, ..t^, • • • ,m  )  and  the  characterization  problem  is  bypassed.  This 
is  consistent  with  the  fact  that  the  T  equation  now 

The  analytic  eigenfunctions  used  for  the  solution  of  the  hyper¬ 
bolic  problem  can  be  obtained  as  a  limiting  case  of  the  general  o  case: 
Let  a  =  -1  +  icj,  k  =  (kR,  Ojkj) ,  Oj  -  0+.  Then  the  limits  k^  -  +  ® 

yields  eigenfunctions  u“  respectively,  analytic  in  the  variable  k,  . 

R 

The  details  can  be  found  in  [28]. 


APPENDIX  A 


In  this  appendix  we  derive  equations  (.),(.).  Equations  (  .  ) 
can  be  written  as 


=  I  + 


*  f  i  ( Xq-V) ^  kd  + 

d^Q  d^dm  E(x0-5Q,x-c,m)e  (qu‘)  UQ  ,£  ,k)  + 

-oo  j  R_ 


2n 


'1 


i(v^)kj 

d^Qdm  E  e  mjqy*). 


2n 


where  E  r  exp[im(x-r)  +  i(Xg  -  )mj/ (2m)n .  Thus  if  4  =  u+  -  u’  then 


A  = 


d^dm 


2n+l 
x 


1 ( Xg-Eg  ^ kd  -  + 

E  e  (m+qu  "  )  + 

r  1  (xn~cn)w 

d^0  d£dm  E  e  u  (qA)(EQ,E,k) . 
R2n+1 


We  wish  to  prove  that  a  equals  the  right  hand  side  of  equation  (  .  ), 
or,  substituting  this  a  in  the  above  and  canceling  the  exp[-ikx],  we 
need  to  prove  that 

.  ixn,\J  i  (X-k)x  ,  i(xn-OkJ 

dXu  (xg,x,x)e  f(x,k)e  ■  d^d^dm  E  e 

n  R2n+1 

,  -  ♦  , 

*  (rr+qu  -  m-qy  )e  + 
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‘Xq  f  i(Xn"^n)kJ  (  _  i 

+  deJ  dcE  e  u  q  dxu  U0,€,x)e  U  f(X,k)e 
R2n  '  Rn 


i  (X-k)c 


However,  equation  (A.l)"  implies 

t  i  x^aJ  •  / , 


ixAXJ 


j  dXu  (xn,x,x)e  ^  f (X.k)e1'  ^~k^x  =  [  dXe  ^  f(X,k)e 
JR  u  JR 

n 


i  (X-k)x 


-»r\  /  AV> 

+  d£n  dXd£dm  E  e  qy  e 

J-  iR3n 


'(V;0)Wq,,-e‘'(x0'?O)XJtix0XJf(Xik)ei(X-k)x 


The  integrals  involving  of  equations  (A. 2),  (A. 3)  are  equal. 

j  -co 

To  prove  this  let  m+k  -  m,  m+X  -  m,  alternatively  use  the  following 
property  of  E: 

i(x0-50)kJ  i(x_k)-  =  ^x“k^A^X  J^°  ?0^=Ee  ^^Ae1^"1^* 


Hence  (A. 2),  (A. 3)  imply  (by  letting  \  -  i  in  the  second  integral  of  (A.3)), 

f  d^1X°^f(,m,k)eix(,,1~k)  - 


,/  r  i(xn-En)(X+m)J  +  i(x-5)m 

(2tt)  dxd^d  dme  m+(qu  )(50»5.A)e 

R3n+1 


VJ 


x  f(x,k)e 


i  (X-k)x  _  1  f 

(2m)n  iRc 


dxd^dm  e 


i  (Xg-Eg)(k+m)0+i (x-r)m 


x  (~+qu”  -  -T_qut’)(^  ,^,k)e 


VJ 


Multiplying  and  dividing  the  second  and  third  terms  of  the  above  equation 
by  exp[ix(x-f)]  and  exp[ik(x-£)]  respectively,  we  obtain 


f(m,k)  =  dxT, (m,x)f(X,k)  =  T.(m,k)  -  T  (m,k). 

Jr 

n 
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We  now  verify  that  the  second  and  third  terms  of  (  .  )  are 


equal,  i.e. 


dX{U|_(x,X)E(\,x)T+U,k)E(-k,x) 


+  u  (x,X)E(X,x)A(X,k)E(-k ,x) }  =  0; 


n 

where  E(k,x)  =  exp[i k(x+XgJ ) ] .  Substituting  for  u"  in  the  above  by 
(  .  )  and  replacing  A  by  (  .  )  we  obtain 


dX(uL(x,X)E(X,x) 


dmT+(X,m)A(m,k) 


dm.  (x,r)E(r,x)T(r,X)A(X,k)}E(-k 

R  L 
n 


which  is  obviously  true  by  letting  r  -  m. 
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A  formal  solution  of  the  inverse  scattering  problem  for  the  ^-dimensional 
time-dependent  and  tune-independent  Schrodinger  equations  is  given.  Equations 
are  found  for  reconstructing  the  potential  from  scattering  data  purely  by  quadra¬ 
tures.  The  solution  also  helps  elucidate  the  problem  of  characterizing  admissible 
scattering  data. 


In  this  note  we  present  an  inverse-scattering  formalism  which  applies  to  a 
variety  of  multidimensional  problems.  Our  procedure  is  based  upon  the  use  of  the 
so-called  “d  method.”  first  introduced  in  the  study  of  inverse  scattering  problems 
on  the  line  by  Beals  and  Coifman  [1.2]  and  successfully  extended  to  two-dimen¬ 
sional  problems  in  [3].  This  method  gives  a  systematic  procedure  for  finding  not 
only  linear  integral  equations  to  reconstruct  the  eigenfunctions  and  the  potential, 
but  also  necessary  conditions  which  the  scattering  data  must  satisfy.  These 
characterization  conditions  also  tum  out  to  provide  an  alternative  way  to  recon¬ 
struct  the  potential  directly  from  the  scattenng  data  purely  by  quadratures. 
Moreover,  these  conditions  may  help  explain  why  there  are  so  few  nonlinear 
evolution  equations  in  dimensions  higher  than  2-1  known  to  be  solvable  by  the 
inverse  scattenng  transform.  We  give  here  our  results  for  the  ume-dependeni  and 
time- independent  Schrbdinger  operators  (for  earlier  treatments  of  the  time-depen¬ 
dent  Schrddinger  operator  in  one  dimension  see  [4]  and  [5]);  similar  results  for 
first-order  systems  will  appear  separately. 

Our  approach  is  to  first  study  the  operator  L1  =  a  d/dt  *■  A  -  t’(f,  x)  with 
cr  «■  aR  t  ia,  any  complex  number  with  aH  »  0  [here  (t.r)SRxR"  and  A- 
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d1/dx\  -+••••+  dz/dx'].  The  case  a  =  i  will  then  be  arrived  at  by  a  limiting 
procedure.  One  of  the  advantages  of  this  route  is  that  it  always  leads  us  to 
Green’s  functions  with  the  suitable  symmetry  properties.  For  the  classical  time- 
independent  Schrodinger  equation  our  procedure  yields  precisely  the  Green's 
function  introduced  by  Faddeev  [6].  Subsequently  Faddeev  [7]  and  independently 
Newton  [8]  used  this  Green's  function  m  their  study  of  the  three-dimensional 
inverse  problem.  Although  we  arrive  at  the  reconstruction  by  a  different  route, 
our  characterization  conditions  parallel  those  of  [7],  More  recently,  in  a  series  of 
important  papers  [9],  Newton  has  carefully  studied  this  problem  with  new 
methods  having  the  classical  Green’s  function  as  their  starting  point.  We  will 
indicate  how  our  characterization  equations  compare  with  his  “miraculous" 
condition. 

To  begin,  we  assume  aR  *  0  and  look  for  eigenfunctions  of  Z.,  of  the  form 
fiexp( i/c  x  +  k't/a)  where  k  s  C",  k  x  =  kR-x  +  ik,  x.  kz  =*  k{  -r  •  •  ■  -  k~,  and 
find  that  u  satisfies 

oti,  i-  A/i  +  2ik  ■  Tu  -  L'n  »  0.  (1) 


The  Green’s  function  we  use  is  given  by 


G,{t.x,k) 


1 


'  J  iar  —  -2k- $ 


d£  dr. 


(2) 


A  solution  (i,  of  (1)  is  obtained  by  solving  the  integral  equation  /i, 
■  1  +  G,{una)  with  Ga  the  integral  operator  whose  kernel  is  Ga(t  -  t\  x  -  x\k). 
In  this  mostly  formal  presentation  we  assume  for  simplicity  that  v(t,x)  is  such 
that  the  integral  equation  defining  /i,  has  a  solution  for  every  k  s  C 

Differentiating  the  integral  equation  for  u  ,  with  respect  to  k,  produces  another 
solution  of  (1),  which  can  be  expressed  nonlocally  in  terms  of  ,u  using  the 
important  symmetry  property  of  G : 

exp(  ~  x,  k  R,  £))Ga(t,  x,  k  R,  k  r)  =  Ga{t,x.i,kf) 

whenever  ( £  -*-  —  k,\  »  (  k »  -  —  k , )  (3) 

l  aR  !  I  °R 


with  /3,{t,x,kR.k„i) 


(.t  a-2  —  </)•{$  —  fc»).  We  obtain 

°R 


£4, 

dk, 


(t.x.k) 


*  )sj(€-|*V)*-|  kR~^k, 

2r )  *  aR  °r 


x  Ta(k„,kf.£)iia(t.x.i.kf)d£, 


(d) 
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where  the  scattering  data  are  found  to  be 


T'(kR,kr.‘)  -  j  J  e.\p[  -  ifc{  t,  x.  k.  £)}  v{  t.  x.  k)  dtdx. 


The  general  Cauchy  integral  formula  applied  to  the  variable  k.  together  with  the 
fact  that  na  - 1  as  |fc,|  —  oc  allows  us  to  wnte  (4)  in  integral  form  as 


pa(t,x,kR,kr)  -  1  ~  ~  -  —  j  j  j 
it  2tr)  id»i  J  J  J 


f  -  k'R 


(2  *V\°r\j  J  + 


*  dk'R,d^'r  *$■ 


(5) 


where  in  the  integral  /r^  =*  (kR  _ _ k'R . k R),  and  similarly  for  k't.  Equation 

(5)  is  the  reconstruction  equation  for  ji.  Comparing  the  large-/c,  behavior  in  (5) 
and  (1)  yields 


-  7 j;-j>jjfc{t.x.kR,kr)dkRdk,. 


dfi 


(6) 


The  fact  that  (when  n  >  1)  the  right  side  of  (61  does  not  depend  on  k,  {i  *  j)  or  j 
is  analogous  to  the  miracle  in  the  procedure  of  Newton;  however  in  our  case  it 
may  be  deduced  from  the  characterization  equations  which  follow-. 

Our  “characterization  equations”  can  be  found  from  the  compatibility  condi¬ 
tions  dzn/dk,3k;  =»  d'-fi/dk'dk,:  differentiating  (4)  and  integrating  by  parts,  we 
obtain  equations  which  suggest  that  T,  satisfies 


dT°  I iH |  vrri  ua  \ 

dk/  ~  l  <?$,  I  '  <6i 


■v„tr,](*.  ;i  -  /[(;;-  -  s;)| 


x5iU'*TL^r)  "1  k*~T‘kr) 


xT,(kR.kr.i')T,(''.kl.S)dt'. 


(6b,) 
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It  is  also  straightforward  to  check  (6)  directly  from  the  definition  of  T„.  To  avoid 
redundancies  we  keep  only  the  equations  (61;).  We  now  parametrize  the  surface 


in  (k,$)  space  in  terms  of  (,X,  w0,  w)  e  C’’"1  x  R  x  R"  as  follows:  kRt~ 
Zj-z^Xn-^/ 2  -<J/W0w,/(2>v:),  lcRi  =  -  wlXS;  -  wy/2-  a;iv0vv/(2w:),  j  >  2; 

kfl -I,"_2vy,X/;  +  or»qWx/{2w1\  k,  =  -  wlX/^  t-  orw0W;/(2w-Y.  51-Z%2wjX*, 
+  wx/2~  arw0w  1/(2w:),  =  -  wlX'R  +  vvy/2-  arw0wJ/(2yv:).  In  the  new  varia¬ 
bles,  (6)  can  be  written  in  integral  form  as 

•v1([rj(x',w0,w)  ,  ,  , 

- dx*dXr, 

Xr,-X'r,  ^  M  X  /  -  X  /. ) 


](x.wo.w)  =*  T,(x<wa’")  -  \jj 


“  u(w0,w),  (7) 

where  X'=»(X; . X', . Xn )  u(  w0,  w)  *  '  w,v(t.  x)  dtdx.  W'e 

have  used  the  fact  that  when  w0  =  2 k,-(!-  -  kR)/aR  and  are  kept 

fixed,  T(X,w0,  w)  — •  £(w0,  w)  for  large  X;  (if  wt  »  0);  this  is  the  analogue  of  the 
Born  approximation. 

It  seems  reasonable  to  conjecture  that  (at  least  for  small  perturbauons  v)  the 
main  condition  needed  to  characterize  scattering  data  is  that  /,[T,](X,  w0,  w)  is 
independent  of  X  and  j  and  has  suitable  decay  properties  in  i  w0,  w ).  Moreover,  it 
seems  reasonable  to  solve  the  (reconstruction  problem  directly  from  (7):  namely, 
if  T,  is  admissible,  compute  u  by  taking  the  mverse  Founer  transform  of  !(  T). 
As  opposed  to  the  Bom  approximation,  this  formula  for  reconstruction  does  not 
rely  exclusively  on  high-energy  values  of  the  scattering  data. 

Next  we  treat  the  case  a  —  i  as  the  limit  of  the  above.  The  limit  of 
u. g(t,  x.  kR,  kf)  does  not  appear  to  provide  enough  information  (when  k,  -  0)  for 
reconstruction  purposes;  we  consider  instead  ji„(r,  x,  kR,  oRkr).  Since 


G,{t,x,kR,aRkr)  -  GL(t.x,kK,k,) 


i  sgn(  -  r ) 
(2t)’ 


as  <3  -» i  (a„<0),  our  limiting  eigenfunction  uL{i.  x.  kR.  k, )  solves  the  integral 
equation  nL  =»  1  -  GL(vnL);  a L(t,  x,  k R,k ,)  is  a  solution  of  tu.  -  Aja  ~2ikR-  Vfi 
—  v  =»  0  for  every  value  of  the  parameter  k,.  Taking  limits  in  (51  yields  the 


A  Multidimensional  mverse-Scanering  Metnod 


247 


integral  equations  for  reconstructing  aL: 


9[k,  -  k'r,  I  9\k]  -kf) 

^  R  ^  R  ^  ^  R  ^  R  *  ^  ^ 

x<5 [(Z  +  k',)‘-(kR  *-  k'ry)nL(i,x.t,k'() 
x\ej-k*l)Tt(k’l,.ki.i) 

x  exp(  +  x.  k'R,  k}.  £))  dk’R  dk',  d$.  (8) 

where  (?(•)  is  the  usual  Heaviside  function,  /?L(r.  x.  kR,  k,,  i)  =»  (x -2tkr) 
•(£  -  k  R),  and  the  scattering  data  are  given  by  TL(kK,  k £)  = 
//exp(- t0LU.  x.  kx.  kf.  01  v(t.  x)nL(t,  x.  kK.  kf)  dtdx.  The  characterization 
equations  (7)  now  become 


HL(t,  x.  kK.  kr)  =  1  - 


t(2t  ) 


■III 


9[xr.  ~  x’r  1 
X*. -xV 


x-vw(7'J(x'.v*'o-'v)<iX«  dx'i, 


9(Xr.-X,,) 

Xr  ~  X'r  ~  '0 


—  b  (  w0 ,  w ) 


(9) 


with  the  obvious  modifications  in  ihe  definition  of  .V  ,[TL\  and  in  the  change  of 
variables. 

It  should  be  remarked  that  the  above  limiting  results  can  also  be  obtained 
directly  starting  from  the  Green's  function  GL  (the  derivative  with  respect  to  the 
parameter  k,  essentially  plays  the  role  of  3). 

When  u  does  not  depend  on  1.  the  equations  above  formally  yield  the 
following  results  for  the  time-independent  Schrodinger  operator  ( n  >  1).  Again, 
all  of  these  results  can  be  independently  established  without  recourse  to  this 
derivation  (assuming,  as  before,  that  the  potential  is  such  that  there  are  no 
exceptional  points  in  our  integral  equauons).  The  Green's  function  is  now 

.« 

G,(x,  kR,  kf)  -  j  GLl  1.  x,  k„,  k,)dt 


1 

(2  »)' 


9ikr 


£:-2AV£-iO 


9(-krj) 

f--2k„-i-,0 


di. 
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and  the  reconstruction  equations  are 


9\  k ,  —  k'r  )  9{  k\  -  k, ) 

— - - ' - t -  M  - : - 

kR—k'R  —i  0  kR '  —  k’R  —  ;0 


xS(k'rU-  k'R))S(f-  -  k'D^ix'Z,  k,) 
x  (£,  "  kR/)T,{kR,  k},  $)  exp [« •(£-*«)] 

(A:**0,  *,*0),  (10) 


where  Ts(kR,  kh  £)  =  /exp(  -  ix  •(£  -  k  R)\v(x)fi!(x,  kR,kr)  dx.  Using  the  same 
change  of  variables  as  before  with  vv0  =  0.  we  can  write  the  characterization 
equations  as 


WKx.w)  =  rt(x.w)  -  ( J 


#1  X/  -  X /. )  X/,  —  X/. ) 

x*. -xV“‘°  x«, -xV“‘° 


X  *V;/(rJ(x'.w)  dx'Rdx\  -  t>(w). 


where 


-Y,  [r.  K  *.  $ )  =  /  [( s;  -  )( -  s;)  -  ( «;  -**.](  $,  - «;)  ]  a  ( r2  -  k\ ) 

xS[kr{?-kR))T,{kR.k„V)Tt(i\k,.S)d$'.  (lib) 

If  the  scattenng  data  Ts  are  given,  then  we  use  (11)  to  check  admissibility  and 
reconstruct  v.  Suppose,  on  the  other  hand,  that  we  are  given  the  scattenng 
amplitude  A(  kR,  £)  =  /exp(  -  oc-(£  —  A:*)]  u(x)n^  (.<,  kR)  dx.  with  /x.  corre¬ 
sponding  to  the  classical  Green’s  function 

^  ,  1  /*  exp(  ix  ■  £ )  d$ 

G,(x.kR)  - - -  — - 

(2*yJ  ii~2kR-i-,o 


A  is  related  to  71  via 


T.(kR.k,,Z)  =■  ^(U.,.i) - 1 - -  /  9{  k,'[  kR  -  i"))<5(i'2  -  k 

r>-r  !  - 


xT,(kR.k„Z’)Ml'.l)  d$'. 
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Solving  (12)  for  Ts  and  checking  that  /.[72](x- w)  is  independent  of  x  dad  J 
should  now  be  compared  to  Newton's  procedure,  where,  given  an  integral 
equation  is  solved  to  find  a  candidate  tor  the  potential,  which  has  to  turn  out 
independent  of  certain  additional  variables. 

Finally,  note  that  (11)  is  equivalent  to  the  following  statements  together:  (i) 
dTs/dxr,  ”  2r;.Vl;[7'j],  and  (ii)  limX(  _  -V{TS  -  u)  is.  as  a  function  of  x*  •  the 
boundary  value  of  an  analytic  function  in  the  lower  (respectively  upper)  half 
plane  with  appropriate  boundedness  properties.  Any  solution  Ts  of  (12)  can  be 
shown  to  satisfy  (i),  while  (ii)  corresponds  to  Faddeev's  condition  for  admissibil¬ 
ity. 

A  more  detailed  study  of  the  equations  presented  here  will  be  published 
elsewhere. 
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A  method  for  solving  the  inverse  problem  for  a  class  of  multidimensional 
first-order  systems  is  given.  The  analysis  yields  equations  which  the  scattering 
data  must  satisfy;  these  equations  are  natural  candidates  for  characterizing 
admissible  scattering  data.  The  results  are  used  to  solve  the  multidimensional 
.V-wave  resonant  interaction  equations. 


1.  Introduction 

The  inverse  scattering  problems  for  the  hyperbolic  and  elliptic  generalizations  in 
the  plane  of  the  m  X  m  AKNS  system  have  been  successfully  studied  in  [1]  and 
applied  to  the  linearization  of  several  physically  significant  nonlinear  evolution 
equations  ( .V- wave  interaction.  Davev-Stewartson.  etc.)  in  two  spatial  and  one 
temporal  dimensions.  We  indicate  here  how  the  method  used  in  our  investigation 
of  the  n-dimensional  Schrodinger  equation  [2]  can  be  applied  to  the  study  of  the 
inverse  problem  for  the  operator  in  R""1: 

3  n  d 

L,  =■  j— -  0  £  Jijr~  Q(xo<x)-  U> 

dx 0  ;  -  !  <jx: 

Here  J,  are  constant  real  diagonal  m  x  m  matnces  (we  denote  the  diagonal 
entnes  of  J,  by  J / . J”  and  assume  J'  *  J(  *  0  whenever  /  *  j);  the  matrix - 
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valued  off-diagonai  potential  Q  =  (Q‘j)  may  depend  on  x0  as  well  as  x  = 

( ,xl . x,)  and  a  =■  aR  -  ia,  is  a  complex  parameter. 

The  operator  (1)  is  associated  with  the  nonlinear  system 


3Q‘< 

dt 


I  iSl 

a°:j  3x0 


-  B‘:) 


3Q:/ 

dxt 


a;,)Q“Q“ 


(2) 


with 


Bj  _  b‘ 

a  =  — - - - .  1  ^  /  <  n .  for  some  real  ( 3 ) 

''  J(  ~  J‘ 

Even  though  no  traditional  scattering  operator  exists  in  the  case  a,  *  0.  the 
so-called  3  method  (see  [2]  and  references  given  there)  gives  a  satisfactory 
definition  of  scattering  data  for  L,,  along  with  a  systematic  inversion  procedure, 
which  we  use  to  solve  (2). 

A  solution  of  the  inverse  scattering  problem  for  the  hyperbolic  case  <j;  =  0  is 
then  obtained  by  a  limiting  argument;  thus  we  can  avoid  a  separate  study  of  a 
Riemann- Hilbert  boundary-value  problem  (which  in  higher  dimensions  may  also 
involve  some  geometric  complications).  The  main  advantage  of  this  approach  is 
that  it  yields  (from  the  compatibility  conditions  associated  with  3  in  several 
variables)  equations  which  must  be  satisfied  by  the  scattenng  data.  In  addition  to 
their  importance  for  the  problem  of  characterizing  admissible  scattering  data, 
these  equations  have  several  consequences:  (i)  they  provide  a  formula  for  recon¬ 
structing  the  potential  from  the  scattering  transform  purely  by  quadratures  [in  the 

generic  case  when  no  three  of  the  vectors  J:  =  ( J~ . are 

collinear];  (ii)  they  show  how  one  can  recover  the  scattenng  transform  from  i  at 
least  small)  data  given  on  certain  (n  - l)-dimensional  surfaces  (n  -1  being  the 
number  of  variables  in  Q);  (iii)  they  may  indicate  what  other  (possibly  nonlocal) 
evolution  equations  could  be  solvable  with  the  1ST  developed  here;  (iv)  they 
constitute  in  themselves  a  new  class  of  multidimensional  nonlinear  systems  of 
integrodifferential  equations  which  are  lineanzable. 


2.  The  case  a,  *=  0. 

We  will  denote  by  k  =*  . kn)  =  kR  +  ik,  a  point  in  Cn  and  will  often  write 

f(k)  instead  of  f(kR,  k ,)  for  an  arbitrary  function  of  kK  and  kr. 

As  a  first  step  in  the  3  procedure  we  construct  a  family  of  solutions  of  =  0 
of  the  form  \p  =*  ju(.x0,  x,  k)exp[iZ1^lk,(x/  -  ax0J.) ]  with  n  bounded;  a  will  then 
satisfy  the  equation 


3\i 

3x0 


E  Jij7~ ia  E  k:[J'-A 

-  i  dx t  :  -  i 


Cm- 


(•M 


The  generalized  eigenfunctions  Uj  —  iju'')  we  will  work  with  are  obtained  by 
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solving  the  integral  equation  u,*/  -  G„{Qa,).  i.e. 

A.  «  5I;  +  jf  G‘,>{x0  -  y^.x  -  y,k){Q(y0,  y)n,{  yn.  y.k))‘-'  dy^dy,  (5) 
where  the  Green's  funcuon  is  given  by 


'(x0,x,k)^—~z:ff  - 

(2tr)  1  ■'a"*1 t 


-  i  5) 


(0  +  ®E7-l  [//€, 


(6) 


For  brevity  we  will  assume  here  that  2  is  such  that  this  integral  equation  has  a 
bounded  solution  na  for  all  k  e  O'1. 

G„  can  be  computed  explicitly  by  contour  integration: 


G‘'(x0,x.k)  =  -  -*"«*’•*•*>  O  5|  x,  —  ~~xx , 


(7) 


with 


A-AV,  ,, 


a‘J{X<y,x,k)  -  V  1  i  |g|2-x0^/,  ~  —(»*/)/ 


/-1 


(8) 


5G 


The  next  step  is  to  express  dfi  in  terms  of  u.  We  start  by  writing  3--  and  hence 

3Cr  ^ 

-rr~(Qu.)  as  a  superposition  of  exponentials: 
dkp 


3G„ 


3k„ 


!  2i|a,i(2tr)  -V  I 


(9) 


1  /-1 


with 


&'(x0 ,x,k,\)  -  a‘J(x0,x,k)  *  £  {x,  -  a^J/x^k,  (10) 

/-i 


and 


r;'(^.\)  -  ff  ^e-'K'^-t-i-:'i{Q[y0,  y)ti,(  y0.  v.  k))‘J dy0dy.  (11) 


The  calculation  of  3a  is  then  based  on  the  following  crucial  symmetry 
property  of  our  Green's  function; 


i  Xt}'  x.  k)  ■  G'’(  x0,  x,  k‘7'(  k.  A))  whenever  £  J! \ ,  =*  0: 


(12) 
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here  k:,;(k.  X)  is  the  point  in  C”  whose  /th  component  is 


,k‘J(k,\)) ,  -  J'  J'  (ok,),  +  k,+  A,. 
a,J, 


Once  (12)  has  been  established,  it  can  be  shown  [assuming  that  (5)  admits  no 
homogeneous  solutions)  that 

^{x„x,k)  -  Z  ~~~~l /  s(l^z)^(^M^,,,’'x'Ul 

dkP  ,.j  2i|e,|(2rr) 

xK{x0,x.1c‘''(k.X))E„d\:  (14,) 


(we  have  denoted  by  £,y  the  m  x  m  matrix  with  entnes  E, 7  =  S^S,).  If  we  now 
fix  all  k,,  l*  p.  and  apply  the  (1 -dimensional)  inhomogeneous  Cauchy  integral 
formula 

/(;)»-!-/■  /ill  &' + -L  f  I'  — -  dz'  a  dz'  (15) 

M  '  IvtJw.nz'-z  2m  JL]<r 

to  the  variable  /c,,  we  can  convert  (14,)  to  an  integral  equation:  noting  that 
H(x0,x,k)  ~  I  when  \kp\  -*  ao  [and  denoting  k'  =  (k{ . k'p . kn)\,  we  have 

“.(w-n  -  zui-^SSj—p-^vc-.x) 

|0/i(2tr) 

x  Xo>  x  £.;(  A:', \) )  £  <iA  dAt),  dk\  . 


[More  generally,  one  can  use  (15)  with  f(:)  =  n,(x0,x,k-r:v),  csC,  with  k 
fixed  and  with  an  arbitrary  neC'  which  is  not  perpendicular  to  any  of  the 
vectors  J'  -  J J,  i  *  j. J  The  matrix-valued  function  T0(k.  X)  defined  in  (11)  is  our 
scattering  data,  and  (16)  is  the  inverse-scattering  recipe  for  reconstructing  /i  from 
T.  Once  p  is  found,  the  potential  is  easily  recovered: 


QU0,jc)  -  Jp,  jj x~-(x0,x.k)dklt}dkl>  . 


On  the  other  hand,  given  an  arbitrary  T(k,X),  to  apply  the  above  inversion 
procedure  we  would  first  need  to  know  that  the  equations  (14  ).  p  » 1,2 . n. 
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are  compatible;  requiring  that  dlu/dk,  dk?  =  dzp/dk?  dk.  yields  the  following 
characterization  equations  for  T: 

•WJ  - 


+  iL(/W,)(/W,) liZZ.iiZZ 


/'  ax,  j*  axr 

*  r  r  /- 


,7r  - .  £  [(  j;  -  4  )(*  -  ^  )-(■'■'  -  u  k  k  -  y )  1 

2}a,l(2Tr) 

X  J a(£//'\'#)r,^(fc. v)T"'| K'U.  V). x  -  jv)  ay.  (is;;) 

For  compatibility,  (18,;)  need  only  hold  whenever  E//X  =  0;  however,  one  may 
also  verify  that  T,  when  given  by  (11)  satisfies  (18)  everywhere. 

It  turns  out  to  be  very  useful  to  recast  (18)  in  integral  form.  It  is  enough  to 
keep  only  the  equations  (18^).  We  then  look  for  a  parametnzauon  of  the 
hyperplane  {(k,  X)  eC”  XR":[ y/X ,  =  0}  by  new  variables  (x,w0,w)eC*'1xR 
XIR",  so  that,  in  the  new  coordinates,  -  d/dx^,  2  ^  p  a*  n.  and 
/3,J{x0,  x,  k,\)  =  x0w0  +  x ■  w;  these  requirements  determine  (up  to  a  translation 
of  x)  ^  following  (invertible)  map; 

k,  =  />  2. 


*i  -  E  (//-//)X;+- 


*  Z  •'>/ 


i<ri- 


(®X/)/  w/.  /  »  -< 


I 


(/,•-//)( //-//) ,  4  j: 

- — - («X/)/-~'v,  • 

AA  A 


To  use  (15)  as  before,  we  need  the  limit  of  T1'  for  ix^i  large  (and  \/<  l  *  P •  wo>  w 
fixed);  this  turns  out  to  depend  on  whether  for  some  r  *  1,  j  we  have 


For  brevity  we  consider  only  two  cases  [the  only  ones  ansuig  in  the  study  of 
(2) — see  the  appendix): 

Case  I.  Equation  (20)  does  not  hold  for  any  distinct  1,  j,  r  and  any  p  *  1. 
Case  II.  Equation  (20)  holds  for  all  i.j.r.p  (in  other  words,  the  vectors 
Z1 . Jm  all  lie  on  the  same  Line  in  R"). 
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In  the  generic  case  I  we  have 

km  T‘J{x-  w0. w)  “  Q"(  1v't- w).  <  21) 

.x,  i  -  » 


and  (18^{)  becomes 


^[rJ(x.wo.w)  -  TJJ(x,» o-w)~'“  /  J 


r^i[TA(x'.^.w) 


X,-Xc 


dXR.dx'i, 


-  2"K-*). 


(22,) 


where 


2"(vVvv)  “jJe~'<x,>w'>’x  w'Q‘,(x0.x)dx,:idx  and  x'  =  (  X; . x'„ . xj- 


If  (20)  holds  for  some  r  #  j,  then  (21)  need  not  be  true  [see  (7),  (8).  (11)].  In  case 
II  we  have  9T'J/dxp30  for  ail  p,  2  <  p  sj  n\  this,  together  with  Liouvtlie's 
theorem,  allows  us  to  replace  (22,)  by 

7V'(x>»Vw)  =  7V'(w„,w).  (22  „) 


In  case  I  we  conjecture  (as  in  [2])  that  the  main  condition  needed  to  char¬ 
acterize  the  scattering  data  is  that  !p'[Ta}(x,  w0,  w)  are  independent  of  x  wd  p 
and  have  suitable  decay  properties  in  (w0.  w)\  furthermore .  given  a  7)  w-hich 
passes  this  admissibility  test,  we  can  ( reconstruct  a  local  potential  Q  simply  as 
the  inverse  Fourier  transform  of  I[T], 

From  (22  „)  we  see  that  T'J  is  completely  determined  by  its  values  on  the 
( n  +■  lj-dimensionai  surface  x  =  Xo-  die  Analogue  of  this  in  case  I  is  the  following: 
given  0,w)  - <7';(w0,  w),  1  < /.  j4,m.  we  have  [from  (22,)] 


Tf'{X’w0’w)  *  O'!(w0,w) 


+  iff 

’%Y(rj(x'.w0,w) 

•v,Y  (?;](x, 

■7  J  J 

i - 

X 

1 

X 

X»  ' 

Xo P  ~  Xp 

(23) 


which  (at  least  for  small  G)  could  be  solved  to  find  T  everywhere. 
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3.  The  case  a  *  -  1. 


I?  we  formally  substitute  cr  »  - 1  in  (6),  we  find  that,  away  from  the  hvperplanes 
«  {k  sC" :!?_!( 7/  -  J/)k,  =  0},  the  eigenfunction  ja^lx,,.  .t,  k)  is  well  de¬ 
fined  and  holomorphic.  Thus  it  appears  that  the  inverse  problem  for  the  hyper¬ 
bolic  system  I_L  could  be  regarded  as  a  Riemann-Hilbert  problem  with  data  on 
the  hyperplanes  2,r  1  <  i  <  >  q  m.  We  prefer  to  obtain  an  inversion  procedure 
from  our  results  for  a,  *  0.  There  seems  to  be  little  advantage  in  studying  the 
limit  of  ,u3(x 0,  x,  k)  as  a  -*  -  \  (it  leads  us  back  to  an  analysis  of  singularities  on 
the  hyperplanes  Ziy);  we  work  instead  with  the  limit  of  ju,(x0,  ,x.  kR,ark,),  with 
k,  now  playing  the  role  of  a  parameter.  From  (6)  we  find 


lim  Ga(x0,  x,  kR,ork,)  -  GL(x0,  x,  kR,  k,) 

'j  —  -  l  *  <0 

»  zi  ff  1 


veo-I7-i[^-ArS((y/-y/)]-i0 


;e'u«<0  ~x()d$0d$,  (24) 


with  £(•)  the  Heaviside  funcuon:  correspondingly, 

lim„_  _[_,0/i,(.x0,  .x,  kR,  Ojk,)  =  nL{x0,  x>  kR,  kf), 

where  solves  the  integral  equauon  jaL  =  /  +  G L{Qp i).  From  (24)  we  see  that 
a  i_(x0,  x.  k  R,  k  ,)  is  a  solution  of 

‘  £-  ~  Qv-  (-5) 

<7X0  /.l  <7X,  /_l 

for  every  value  of  the  parameter  fc,  in  R'1.  Our  scattenng  data  are  now 

TL'ikt.kf.X)  -  jj  e-'3^^x-k'^'-x,(Q(x0,x)^L(xQ,x,kR,kf))‘Jdx0dx 

■'Ml*-1 


Pi(x0,  x,  kR,  kt,  X) 

-  H7- r  ( (  J!  ~  /'*)[*«*,.  - 1  *,///)<  -  Ik,,)]  -  (  x,  -  /,'x0)\, } . 
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Taking  limits  in  (14),  we  find  the  reconstruction  equation  for  u: 


Mr. 


(x0,x,  kK,  kr)  =  / - l-—{  £(/,'  -  // ) 


(  2tt  ) 


/// 


k tQ  ka  —  k‘a  —  i0 


5(Iy/\,) 


x  r/y(k„,  k,, 

XpL(x0.x.k'l!(k'll,k',.\))E!/d\dk’ll'dk'f'.  (27) 


where  now 


{k'dk^kf.X))^  ~  J-ykRi  4-  —~-kl:  -r  A,  and  (k‘{)  r,  ~  kfi. 

■'/  •'/ 

To  wnte  the  characterization  equations  for  7^'  we  introduce  new  variables 
[suggested  by  the  limit  of  (19)]  (x*,  X/-  wo< w)  s  ft3"- 1  t0  parametrize  the  hyper¬ 
plane  E7/A.,  =*  0  in  U1"  as  follows: 


-  (A-A)x*..  1  >  - 

1 


=  y/  y/  ^  x * 


A'  -  A 

k  i,  **  (  J{  ~  J\  ) X /, •  1  >  2; 


-  E  y,x|: 


/  - 1 


fc/,  -  i  U/-y/)xz  -  J7~ 7^; 


f  - : 


,  (A-A)(A-y/)  ,  ,  .  , 

a,- - : - tx*, -  X/,)  ~  w/-  /  >  -• 


A 


*,»  I 


i  y,--// )(//-//)  y 

— : 7 - u».-xi)- 


123) 


Then  under  the  assumption  of  case  I  in  Section  2.  the  limit  of  the  equations  (22,) 


core 
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,  Iff  9{X,~  X/J  9[  Xi,~  Xr,) 

Tl(xr-Xi-» J J  - ; - - - ; - r 

•'  [X^-Xs^'O  Xr,-Xr-i  o 

*‘V;/[rJ(x\vvw)  dx'z/x',,~ 

with  iV  JTJ  given  by  a  slight  modification  of  (IS).  In  case  II  we  have 

tl(Xr>  Xr-w0’w)  =  (2 


As  in  Section  2,  we  can  now  use  (29t)  to  characterize  admissible  Tt  and 
(re)construct  Q,  as  well  as  recover  TL  from  data  given  on  x,t  =  const.  Xi  *  const. 

It  should  be  pointed  out  that  once  the  family  of  Green's  functions  Gt  has  been 
chosen,  all  the  above  results  can  be  derived  without  recourse  to  our  limiting 
arguments  ['vkinL  can  be  expressed  tn  terms  of  a  L  using  the  appropriate 
symmetry  property  of  G L,  and  the  analytic  behavior  of  uL  for  k,  large — needed 
to  establish  (27)  —  follows  from  (24);  these  analytic  properties,  together  with  the 
compatibility  requirements  dk,,=  dzix/dk t  dk,,  imply  (29)] 

4.  Relation  between  TL  and  the  scattering  operator  ( a  =  -  1) 

To  fix  notation  we  sketch  an  elementary  definition  of  the  scattering  operator 
associated  with  L  _  (.  When  QaO,  given  /:  R*  -*  R  "\  the  solution  of  the  Cauchy 

problem  L.^x^,  x)  *  0.  u(0,  x)  =*f(x)  is  u'(x,}.  x)  ~  x . x„  + 

x0J‘\  1  4  i  4  m.  which  we  wnte  as  u<  x0,  x )  =  /(  x  -  xt)J ).  When  Q  is.  say. 
smooth  and  of  compact  support,  given  any  treasonable)  /:R"  —  R'7’.  there  is  a 
unique  u  solution  of  L  =  0  with  ui  x0,  x )  =  /( x  -  x,,i )  for  x0  «  0;  further¬ 
more  there  is  a  unique  g  such  that  ut  ,x0,  x )  =  gt  x  -  x0J)  when  »  0.  We  wnte 
g  »  Sf.  On  the  Founer  transform  side  S  can  be  wntten  as 


I  S(i.kf 


The  question  we  would  like  to  address  is  how  to  recover  TL  (and  hence  Q)  given 
S(i,kR).  To  relate  TL  and  S< k R )  it  turns  out  that  we  need  to  relate  a L  and  the 
eigenfunction  ,u(x0,  x.  kR)  corresponding  to  the  "Volterra"  Green's  function 

r  -  1 * 

G'J{  x0,  x,  k  ,)  »  &(  x0)  exp  -i  y  (  x,  -  x.}J{  )k R  ]~I  <S|  x,  -  x,}J ).  ( 31 ) 


We  start  wuh  the  identitv 


uL-u  =>  (Gl  -  G )(  Qhl)  -  G{  Q(  iiL  -  u  )). 


'A 
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wnte  G'l-G'1  as  a  superposition  of  exp (</?['),  and  use  a  suitable  symmetry 
property  of  G.  The  main  result  is  the  following  linear  equation  for  77  given  S: 

Ti!{kR.kh \)  =•  S‘’(l'{kR,kr,\),kR) 


x  S"  [  k‘j{kR.  k,. \),k‘R'(kR,k,.  \'))Ti'{kR.  k„  ,Y)  d\\ 

(33) 


where  k!R(k R.  k,.  \  )  stands  for  the  real  part  of  k’l- 

5.  Applications  to  nonlinear  equations 

The  equations  (2)  are  the  compatibility  conditions  (cf.  [3])  for  the  Lax  pair 

=*  0  and  £  B,~  =*  Ayr.  (34) 

the  matrices  3,.  1  <  /  <  n.  are  constant  real  diagonal,  and  A‘J(t.  x0,  x)  = 
(1  /a)alJQ‘J(t.  Xq,  x)  with  at/  given  by  (3).  The  restrictions  imposed  by  (3)  on  the 
matrices  1  <  /  <  n,  are  discussed  in  the  appendix.  To  find  the  time  dependence 
of  the  scattering  data  corresponding  to  (2),  we  set  ^exp^I^iM-T  ~  °x0J,  - 
tB,)]\  then  /i  satisfies  (,4)  as  well  as 

-^4  *  ^  -  T.  -t-  I  y  k,[B,.n]  -  All  =  0.  (35) 

l  «  t  '  1  I  —  l 

Applying  the  operator  to  both  sides  of  the  equation  ( 14),  we  find  (when 
a,  *  0) 


EL 

dt 


•( t.k.X ) 


For  the  case  a  =  - 1  the 
denvauonj  are 


EL 

dt 


( t.  k  R .  k , ,  \ )  =■  i 


n 

=  I  T  [B/k,- B':ky(k.\)\r^{t.k.\).  (36) 

( - 1 

equations  [obtained  as  limits  of  (36)  or  by  a  parallel 


n 

Z  [fl/*,.  -  Bl,kil[kR.kl.\)\Ti'(t.kR,kf.\).  (37) 

-i 


Thus,  when  a  =  -1.  we  can  apply  the  inverse  scattering  procedure  together 
with  (37)  to  construct  the  solution  to  the  Cauchy  problem  for  ( Z).  Note  that 
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TL(t,  kR,  k,. \)  as  given  by  (37)  satisfies  the  characterization  equations  if 
Tl{ 0,  k#  ,kf,  \)  does. 

When  <3,  *  0,  the  Cauchy  problem  for  (2)  is  ill  posed;  however  (by  analogy  to 
the  corresponding  linear  problem!  we  can  use  inverse  scattenng  to  solve  (2)  as 
follows;  given  Q{ 0,  x0,  x).  it  can  be  decomposed  into  (0.  .t0.  jc  ) -*-  Q  _  (0.  x0,  x ), 
where  Q_  (0.  x0,  x)  extends  to  a  function  Q.(t.. x0.x)  satisfymg  (2)  in  the  half 
space  t  >  0,  while  Q_(0.  x0,  x)  extends  to  a  function  satisfying  (2)  in  the  half 
space  t  <  0.  Assume  for  simplicity  that  < j;a  >  0  for  all  i  *  j.  Given  Q .  define 
Q  _  by  Q  ;  (0,  w0,  w)  -  d{  +  w0)g(0,  w0,  w).  If  r_  is  the  scattenng  transform  of 
Q  then  from  the  direct  problem  we  find  T'J (0,  x.  w0, w)  ”  0  for  w0  >  0;  thus  for 
t  >  0  we  can  define  [see  (36)|  TJ(t.  w0,  w)  by 


T 'J ( t ,  x.  w0,  w)  =  exp 


it  V  (  B/k,  -  B'.k'f) 
L  “i 


a  *  . 

,  \ 

=  exp 

«\  —  L  (*,y/ 

/  -  B 

'/ )  ) 

ri'(o.x.w0.w) 

[see  (3). (13), (19)] 
T'J (0,  x.  w0,  w). 


(38) 

Since  the  expression  in  the  exponential  does  not  depend  on  x  and  since  its  real 
pan  is  nonpositive  if  t  >  0.  T'J(t.  w0,  w)  satisfies  the  charactenzation  equations 
(29),  so  inverse  scattering  should  yield  the  desired  potential  Q_(r.  x);  simi¬ 

larly.  we  construct  Q.(t.  x0,  x),  solution  of  (2)  for  t  <  0. 


Appendix 

We  need  to  find  the  restrictions  imposed  on  the  choice  of  matrices  / ,  1  <  /  <  n. 
by  the  existence  of  (a.. )  and  B,.  1  <  /  ^  n.  satisfying  (3). 

If  (3)  holds,  then  the  matrix  (a  )  is  symmetric  and 


U,„  '  O  ,, 

'P  P] 


j;  -  j ; 

j r  -  j: 


(Al) 


for  every  /  and  every  i.  j.  p  distinct.  [Conversely,  if  (Al)  holds  with  (a  ) 
svmmetnc,  then  B,,  1  <  /  <  n.  can  be  found  so  that  (3)  is  satisfied.]  Note  that  if 
a  n  *  a?, ,  (Al)  forces  J'.  J:.  Jp  to  be  collinear.  There  are  two  cases; 

I.  a  ?  =  <i  for  all  i.  j.  p  distinct.  Then  (Al)  puts  no  restnction  on  J..  in 
particular,  they  can  be  chosen  >o  that  1 20)  does  not  hold  for  any  distinct  i.  j.  r 
and  p  » 1.  The  system  i2)  is  linear  in  this  case. 

II.  For  some  _/0.  p,  distinct.  We  show  chat  in  this  case  the 

vectors  71 II. . Jm  must  all  be  collinear.  From  < A 1  >  we  alreadv  know  chat 
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J'\  y;°,  J?n  are  collinear.  For  any  r  »  i0,  jQ,  p,;  one  of  the  following  must  be  true: 

(i)  a,  »  a,,  ,  (11)  a„  »  a  „  ,  (iii)  a,,  »  a,  ,  (A2) 

V  *Qr  Vo  ’  rb  *0^0  '  7  Vo  /oPo 

(for  if  not.  =»  a  »  a,,  =  a  ,  contradicting  our  assumption).  In  any  of  the 
possibilities  (A2),  J'  will  be  on  the  line  passing  through  J'n.  Jp\  JJa\  this  will  be 

true  for  any  r,  1  ^  r  <  m.  [Conversely,  given  J1,  Jz . /m  collinear  with  J,'  *  //, 

we  can  construct  ( a:J )  symmetric  satisfying  II  and  (Al).j 

It  follows  that  whenever  (2)  is  not  linear,  the  matrix  having  J1.  J1 . Jm  as 

rows  has  rank  at  most  2;  if  n>  3.  its  columns  [the  diagonals  of  the  matrices  J ,  in 
(1)1  must  be  linearly  dependent,  and  the  inverse  scattering  problem  for  L„  can 
also  be  solved  by  reducing  it  to  a  lower-dimensional  one.  On  the  other  hand,  since 
the  characterization  equations  are  trivial  [i.e.  .V(7")  =  0]  in  this  case,  it  seems 
reasonable  to  expect  that  other  (possibly  nonlocal)  nonlinear  equations  can  be 
found  which  would  be  compatible  with  (22 tr). 
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The  paper  deals  with  the  direct  linearization,  an  approach  used  to  generate  particular  solutions  of 
the  partial  inferential  equations  that  can  be  solved  through  the  inverse  scattering  transform. 
Linear  integral  equations  are  presented  which  enable  one  to  find  broad  classes  of  solutions  to 
certain  nonlinear  evolution  equations  in  1  —  1  and  2  -r  1  dimensions. 


PACS  numbers;  02.30. Jr 

I.  INTRODUCTION 

The  partial  differential  equations  iPDE’si  associated 
with  the  inverse  scattering  transform  1 1ST)  (see,  for  instance. 
Ref.  1  for  detailsl  are  structurally  nch.  It  is  clear  from  the 
work  done  in  this  field  that  these  equations  admit  many 
kinds  of  approaches  and  studies.  Broadly  speaking  see,  for 
example.  Ref.  21,  it  is  possible  to  group  these  approaches  in 
two  different  classes:  ‘‘algebraic  properties"  and  "methods 
of  solution." 

Among  the  algebraic  properties  one  can  associate  with 
each  of  these  PDE's  are  the  existence  of  an  infinite  hierarchy 
of  equations  characterized  by  the  same  linear  problem;  the 
existence  of  infinitely  many  conserved  quantities  and  of  a 
Hamiltonian  isometimes  bi-Hamiltoniani  structure:  the  pos¬ 
sibility  of  associating  with  these  equations  a  so-called  Back- 
lund  transformation  BT1 — i.e.,  a  nonlinear  transformation 
connecting  different  solutions,  etc. 

The  methods  of  solution  developed  so  far  depend  of 
course  on  the  specific  problem  that  one  has  to  solve:  the  1ST 
for  instance  is  the  appropriate  tool  to  solve  the  initial  value 
problem  associated  with  these  PDE’s. 

In  order  to  generate  particular  solutions  there  exist  oth¬ 
er  methods:  e.g..  the  BT;  the  Hirota  approach1;  the  Dressing 
method3,  and  the  Ruemann-Hilbert  direct  approach,4  intro¬ 
duced  by  Zakharov  and  Shabat  (ZS);  etc.  The  Dressing  meth¬ 
od  has  been  formulated  via  an  integral  equation  of  the 
Gei’fand-Levitan-Marchenko  iGLMI  type,  and  the  Rie- 
mann-Hilbert  iRH)  direct  approach  is  based  on  a  local  ho¬ 
mogeneous  RH  problem,  used  to  generate  solutions  of  the 
PDE.  Later  we  will  discuss  in  some  detail  the  RH  method, 
used  often  as  a  reference  point  of  our  analysis. 

In  this  paper  we  will  concentrate  on  a  particular  meth¬ 
od  of  solution:  the  direct  linearization  iDL),  an  approach 
used  to  generate  particular  solutions  of  the  PDE's  that  can 
be  solved  through  the  1ST.  We  will  ial  discuss  earlier  work 
and  will  give  a  natural  generalization,  which  captures  a  sig¬ 
nificantly  larger  class  of  solutions:  bi  stress  the  connections 
between  this  method  and  some  of  the  main  features  of  the 
1ST;  and  (cl  compare  this  linearization  with  the  RH  direct 
approach  introduced  by  ZS,  showing  their  connections  and 
differences. 

II.  THE  DIRECT  LINEARIZATION 

The  D  L  was  introduced  by  Fokas  and  Ablowitz-'  in  con¬ 
nection  with  the  Korteweg-de  Vnes  iKdV)  equation 
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U:+U*xx  +  6uux  =  0,  U  —  U[X,t  |.  (!) 

It  is  based  essentially  on  the  existence  of  an  integral  equation 
'  d>  { x.r-J ) 


i  \x ,t;k  )  -r  i 


,i£x  tf  ’f 


<«(/)- 


jl  I  -t-  k 

involving  an  arbitrary  contour  L  and  measure  dA  1/ )  which 
linearizes  Eq.  1 1).  In  fact,  under  the  assumption  that  the  ho¬ 
mogeneous  version  of  12)  has  only  the  trivial  solution,  the 
solution  d>  of  (2)  provides  a  solution  u[x,t  I  of  the  KdV  equa¬ 
tion  through  the  formula 


utx.t )  =  —  dx  J*  i 


6  (x,r,l  )e 


,;lX  tf  }t 


dA  (/ ). 


(3) 


The  original  motivation  for  this  result  is  associated  with 
the,  by  now  classical,  1ST  (corresponding  to  u— 0  sufficient¬ 
ly  rapidly  as  ;jcl — --so )  of  the  KdV  equation.  Specifically  the 
integral  equation  12),  with  contour  and  measure  fixed  and 
given  in  terms  of  the  scattering  data,  is  the  integral  formula¬ 
tion  of  the  matrix  RH  problem/ 


i  i  x,t\k 
.6  \x,t\k ). 


—  G  lx,t;k ) 


i  (x,e;  —  k  i 
<t>  W ,/;  —  k 


•  4) 


In  |4)  i i  is  the  same  as  in  i2),  d>  is  another  eigenfunction  with 
appropriate  analytic  properties,  and  the  matrix  G  is  given  in 
terms  of  the  scattering  data. 

Another  motivation  is  based  on  the  Rosales  perturba¬ 
tion  approach4;  in  fact  the  solution  1 3)  can  be  interpreted  as 
the  sum  of  the  perturbation  senes  solution  of  the  KdV  equa¬ 
tion  around  the  solution  u  =  0. 

The  arbitrariness  of  contour  and  measure  in  i2!  allows 
one  to  capture  a  wider  class  of  solutions  than  the  one  given 
by  the  GLM  equation;  as  an  example  in  Ref.  5  it  was  shown 
for  instance  that  using  1 2)  it  is  possible  to  find  a  three  param¬ 
eter  family  of  solutions  of  the  seif-similar  reduction  of  i !  1: 

u~  —  6  uu  —  2  u  —  xul  =0.  u  —  aui.  <  5) 

The  GLM  equation  is  able  to  provide  just  one  parameter 
family  of  solutions  of  51. 

Another  suggestive  argument  is  associated  with  the  lin¬ 
ear  limit  of  (31;  in  this  case,  Eq.  3)  becomes 


u\x,i )  =  —  d,  e 


'  dA  i k  i. 


6t 


Equation  6i  is  the  general  solution  "‘Ehrenpreis  principle"' 
of  the  linearized  KdV  equation 


«•  -  =  o. 


The  linear  limit  of  :3)  provides  the  most  general  solution  of 
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Eq.  i7\  whereas  u  is  known  that  the  linear  limit  of  the  GLM 
provides  just  those  solutions  of  i  71  obtainable  using  the  Four¬ 
ier  transform. 

These  considerations  are  very  far  from  implying  that 
this  DL  provides  the  most  general  solution  of  i  1);  on  the 
contrary  recent  studies  on  the  equation  of  Painleve  II  •Pill, 

u"  —  xv  —  2v3  =  a,  (8) 

which  is  intimately  connected  to  Eq.  (5)  'see  Ref.  71,  have 
shown*  that  it  is  not  the  case,  since  the  solutions  of  1 51  ob¬ 
tained  through  1 2)  correspond  just  to  the  limited  interval 
•0,1)  of  the  parameter  a  in  ;8). 

In  other  words,  the  perturbation  solution  1 3)  (in  the  Ro¬ 
sales  languagei  of  the  KdV  equation  around  u  =  0  corre¬ 
sponds  only  to  the  solution  of  PII  in  the  interval  0<a  <  1.  It 
is  natural  to  consider  an  extension  of  the  DL  formulated 
above  which  would  correspond  to  the  perturbation  solution 
of  the  KdV  equation  around  any  arbitrary  solution  u0  of  the 
KdV  itself. 

111.  A  GENERALIZATION  OF  THE  DL 

The  essence  of  this  more  general  linearization  is  given 
by  the  following  proposition. 

Proposition  1:  Let  iix.t\k  )  be  a  solution  of 

iMx,t\k  i  —  j  Mxj\l)h  \x,f,kj  \dA  1/ )  =  u/J'Lx,:\k  i,  '91 

where  L  and  dA  i  / 1  are  arbitrary  contour  and  measure; 
u/^x.f.k  i  and  ■ p£“x.:\k  i  are  two  arbitrary  solutions  of  the 
coupled  systems 

—  un  -  k  :/d!u>0  =  0,  (10a) 

t bx  =  tt’Q  —  \k  3  —  2u0ii tir>\  1 10b) 

=  u^x.t  I  is  any  given  solution  of  the  KdV  equation  '  1 !; 
and  h  ‘x.f.kj  i  is  dehned  in  terms  of  by 

h  ix.f.kJ  )  *  ( 2/1/ :  -  k 1  [  tttj'ix.rj  '.vtl‘ix.::k  S 

-  iPj'lx ,rj  )iP^\x,:\k  i  j .  'll) 

Assuming  that  the  homogeneous  version  of  (9)  has  only  the 
zero  solution,  then 

uix.t  i  =  Urnx,t  i  —  <9,  |*  i iAx.f.k  )i t/j'fx.fk  Uni  \k  \  ( 12) 

JL 

solves  the  KdV  equation. 

The  proof  is  direct  and  it  is  obtained  operating  on  Eq.  9) 
with  the  operators  P  and  .V  dehned  by 

P—du,  —  u  —  k  ;/J-.  M  -  —3.  —  a,  —  lie :  —  2ui3, .  i  13) 

The  result  of  this  operation  gives 

P’l’Hx.f.k  '  —  j  PdiMx.f.i  h  ix.f.kJ  dA  /' =  0,  .  1  -Aai 

Jl 

■Mtl’Wx J  AfdMx.rJ  h  'x.f.kj  'dA  \l ) 

- 1 

=  |  Pdr)U.f.I  u^Lx.f.k  ’iP^'lx.f.i  )dA  ,1 ',  1 1  -tbi 

-  L 

and  now  if  we  assume  that  the  homogeneous  version  of  Eq. 
'9i  has  only  the  zero  solution.  Eq.  1 14ai  implies  that  Pi’  =  0 
and  then  Eq.  i  Ubi  implies  that  Afw  =  0.  The  compatibility 


between  these  two  equations  hnaily  implies  that  u  solves  the 
KdV  equation  , ! '. 

The  linearization  given  here  obviously  contains  the  spe¬ 
cial  cases  in  which  u0  =  0  and  u0  =  —  2/.t*.  which  are  ex¬ 
plicit  solutions  of  Eq. ;  1 !;  m  these  cases  the  DL  was  previous¬ 
ly  given 

In  the  Appendix  we  give  a  constructive  procedure  that, 
starting  with  the  general  assumption  i9>,  enables  one  to  char¬ 
acterize  the  kernel  h  in  terms  of  d0  as  in  i  1 1)  and,  at  the  same 
time,  to  fix  the  integral  representation  of  u  —  u0  in  terms  of  ti> 
and  t/f0  as  in  i  1 21.  Such  a  systematic  procedure,  whose  main 
steps  are  essentially  the  same  for  all  the  PDE’s  solvable  via 
the  1ST.  will  be  the  basis  of  the  results  of  this  paper. 

We  remark  that  we  could  have  given  the  DL  of  the  KdV 
equation  for  the  function  i  ix.f.k  \  =  xMx,f,k  \/tir^'\x,f.k  ),  in¬ 
stead  of  iMx.fk  I.  In  this  case  the  corresponding  integral 
equation 

J>\x,t;k)-r  j  6  [x,:J  tyx.f.kj  dA  \l )  =  1,  1 15a) 

g\x,t;kj )  =  P^'x.fJ  Ix.f.kJ  )/x i^'<x,:;k  )  j  1 5b) 

has  I  as  forcing  term  and  apparently  would  be  the  more 
appropriate  formulation  for  investigating  analyticity  prop¬ 
erties  in  k.  in  view  of  the  solution  of  the  1ST.  .As  far  as  the  DL 
is  concerned,  the  two  formulations  are  completely  equiva¬ 
lent  and  here  and  in  the  following  we  will  use  either  one  or 
the  other,  according  to  the  convenience  and  to  the  elegance 
of  the  associated  formulas. 

The  explicit  formula  fill  tor  the  kernel  h  of  Eq.  i  9) 
shows  the  singular  character  of  the  integral  equation  and 
strongly  suggests  that,  as  in  the  case  u,  =  0,  some  type  of  RH 
problem  is  going  to  be  the  natural  structure  underlying  the 
1ST  of  the  KdV  equation  for  solutions  u,  as  a  finite  perturba¬ 
tion  of  a  given  solution  u0. 

As  we  wrote  above,  the  essence  of  this  method  is  related 
to  the  existence  of  a  linear  integral  equation  like  1 9)  (or  1 15ai] 
which  provides  solutions  of  the  KdV  equation.  On  the  other 
hand,  we  know  that  the  KdV  equation  is  one  of  the  many 
PDE’s  that  can  be  solved  through  the  1ST.  Hence  it  is  natu¬ 
ral  to  ask  ourselves  if  and  how  the  DL,  in  the  generalized 
form  introduced  here,  applies  to  other  equations. 

For  this  purpose,  let  us  consider  the  nXn  matrix  equa¬ 
tion 

PK  =  zJP  ~QP.  P  =  P >x,t;k  i,  i  1 6) 

where  the  scalar  constant  z  plays  the  role  of  spectral  param¬ 
eter,  /is  a  constant  diagonal  matrix,  and  Q  =  Q  lx,t )  is  an  off- 
diagonal  matrix.  Equation  1 16)  is  the  natural  n  x  n  general¬ 
ization  of  the  generalized  ZS  problem  isee  Refs.  10  and  1 1) 
and  its  1ST  has  been  recently  rigorously  studied  by  Beals  and 
Coifman.i: 

In  order  to  give  the  DL  associated  with  1 1 6i  it  is  conven¬ 
ient  to  introudee  the  matrix  function  <t>  <x.f.k  |  defined  by 

<Pix,jk  )  =  Ptx.t-.k  Pj'~  {\x,t:k  i,  1 171 

where  P  and  P 1  solve  Eq.  i  16)  corresponding  to  the  two 
potentials  Q  and  Q0. 

The  linearization  of  the  class  of  evolution  equations  as¬ 
sociated  with  the  spectral  problem  i  !6i  is  then  given  by  the 
following. 
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Proposition  2.  Let  0  'x,:—i  be  a  solution  of 

<P  —  |  P  <x.t;I  G  ixjpzJ  dX  1=1,  13) 

.  L 

when  L  and  dA  •  l  are  arbitrary  contour  and  measure.  /  is  the 
identity  matrix.  G  is  defined  by 

G  i x.rs.l  \  =  'Z  -  l  ~''P  1 x.tJ ; 

xGnJ',Pf~''x.tJ\  19) 

where  G^J  •  is  an  arbitrary  constant  matnx  function,  and  the 
Pj-'1  are  two  arbitrary  solutions  of  Eq.  (16)  for  Q^x.t  i.  As¬ 
suming  thac  the  homogeneous  version  of  i  13)  has  only  the 
trivial  solution,  then  P  x.t  )  derined  by 

P’x.tpti  =  P  ix.wP'J'lx.tzl  ?  20) 

solves  Eq.  1 16!  if 

Qtx.t )  =  Qolx.t]  -  j/,J  0!x,:J)P'^x.:J) 

1 

XGoi/l^^'-'U.rt/Wxf/lJ.  (21) 

In  this  proposition  and  in  the  following  ones  we  often  intro¬ 
duce  arbitrary  functions  assuming  that  they  satisfy  suitable 
regularity  properties  in  order  to  give  sense  to  the  integral 
formulas  in  which  they  appear. 

Again  the  proof  is  direct  and  is  obtained  by  applying  the 
operator  fl. 

MF  Ax,:-!  =  -  F,  -  .-{ JJ  ]  -  QF  -  FQ0,  22) 

on  Eq.  ( 13)  to  get 

'{10  Ax.rs)  ~  I  '{10  •ix.fJ'.G '.dA.il )  =  23) 

.L 

the  result  follows  from  the  uniqueness  assumption.  In  the 
Appendix  we  give  a  sketch  of  how  to  constructively  obtain 
the  linearization  contained  in  Proposition  2,  since  the  proce¬ 
dure  does  not  differ  in  spirit  from  the  one  used  for  obtaining 
Proposition  1. 

Problem  1 16)  allows  us  to  easily  discuss  the  connections 
between  the  DL  and  the  RH  direct  approach,  indeed  it  will 
turn  out  that,  if  used  on  Eq.  1 16),  then  the  two  approaches  are 
equivalent. 

The  RH  direct  approach  introduced  by  ZS  is  based  on 
the  solution  of  the  following  matrix  homogeneous  RH  prob¬ 
lem: 

0  ~'X.fjt)  =  0  ~x.t\z\[I  —  R  uc.riri],  i24) 

where;  lies  on  an  arbitrary  contour  L  in  the  complex-; 
plane.  0  *'ziandd>  '"ziaretheboundary  vaiuesonLoffunc- 
tions  analytic  inside  and  outside,  respectively,  of  L,  0  ~  zi — -/ 
as  z\  —  ra ,  and  R  is  derined  by 

R  \x.tx\  =  'P  ^x,t-\G^z\'P  f  ''x,:-),  1 25) 

where  Gvz\  is  an  arbitrary  constant  matnx  and  P^  solves  Eq. 

1 1 6 1  with  the  potential  Q0.  Then  it  is  easy  to  verify  [using  1 24), 
25),  and  1 16i]  that  P-  x.rut!  and  Qtx.t defined  by 

P  -  'x.t-\  =  0  -  ‘X.t-vP )Vx,ta\,  26i 

zJ  -  Q<x.:'  =  [0f  -  0  ~(zJ  —  Q.*,\x.r)]\0  - 

27) 

solve  Eq.  ,  16i. 

The  equivalence  between  the  DL  given  in  Proposition  2 


and  the  RH  direct  method  is  immediate  and  obtains  by  com¬ 
paring  i IS)  and  1 19)  with  the  :  —  ■  projection  of  24): 

.  _  1  f  -  ,  R  ■■x.tJ ' 

0  ,x,;u:]  —  — i  P  x.:;t  - al  =  I.  2Si 

2-tJr 

where  z— L  from  outside  the  contour. 

The  equivalence  of  the  two  approaches  shows  that  the 
homogeneous  RH  problem  24)  on  which  the  ZS  method 
based,  is  the  natural  analytic  structure  underlying  the  linear¬ 
ization  of  the  PDE’s  associated  with  the  spectral  pr  ..n 
1 6 1.  The  particular -dependence  of  the  kernel  G  of  Eq.  ,13), 
given  in  1 19),  indicates  that  the  integral  equation  1 131  comes 
from  the  i  —  i  projection  of  a  homogeneous  RH  problem  of 
the  type  1 24).  Vice  versa,  if  thez-dependenceof  G  appeared  in 
a  different  way,  we  would  infer  that  24|  is  not  an  adequate 
analytic  structure  for  describing  the  problem.  We  will  show- 
in  the  following  that  this  phenomenon  is  not  exceptional, 
being  a  common  feature  of  the  PDE's  related  to  the  1ST  m 
2  4-  1  dimensions. 

V/hile  the  RH  approach  idue  to  its  restrictive  basis i  can¬ 
not  in  general  be  applied,  the  DL,  based  on  a  linear  integral 
equation  of  the  type  1 1 3),  where  the  c-dependence  of  the  ker¬ 
nel  G  is  determined  a  posteriori,  case  by  case  [through  direct 
algebraic  calculations  and  is  in  general  different  from  the  one 
given  in  1 191],  turns  out  to  be  a  viable  approach  for  character¬ 
izing  a  wide  class  of  solutions  of  the  PDE  under  investiga¬ 
tion. 

IV.  THE  DL  IN  2  -  1  DIMENSIONS 

The  DL  in  2  —  1  dimensions  is  again  based  on  a  linear 
integral  equation 

0  [x.y,t\k  |  —  J  0\x.y.tj3[l,v\) 

X  G  tx,y,l;kj,vtd£ <l,v i  =  I.  29) 

Now  the  integration  is  in  two  variables  l  and  v,  a  reflection  of 
the  higher  dimensionality  of  the  configurational  space,  L 
and  d£  i/,vi  are  arbitrary  contour  and  measure,  3  =  3  7,v  is 
an  arbitrary  function  of  /  and  v,  and  the  kernel  G  wiil  be 
characterized  in  terms  of  certain  linear  PDE’s  whose  coeffi¬ 
cients  are  given  in  terms  of  the  unperturbed  solution 
u*x,y,t !. 

As  an  example,  let  us  apply  the  DL  to  the  Kadomtsev- 
Petviashvili  iKP)  equation'3 

lu.  —6 uux  s-ii^j,  =  —3 <Tuvy,  ctzC  50' 

that  can  be  obtained  as  a  compatibility  condition  of  the  s>  s- 
tem 

Pi>=cnv,  —  —  uG  =  0,  3  i  at 

j  r  .  'i 

Mw—  \b.  —  4(1/^  --  6tn/\  —  j|  ux  —  z  u  x  'ax'  -w  —  0. 

v  J  _ 

3 1  bi 

In  our  analysis  a  can  be  thought  of  as  an  arbitrary  complex 
parameter,  including  then  the  two  cases  a  =  :  and  —  1  K  PI 
and  K.PII)  in  which  Eq,  301  describes  the  propagation  of 
quasi-one-dimensional  waves  in  a  nonlinear  weakly  disper¬ 
sive  medium  and  the  sign  of  cr  coincides  with  the  sign  of  the 
dispersion. 
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We  have  the  following  proposition. 
Proposition  3:  Let  iMx,y,t\k  |  be  a  solution  of 


ilkx,y,t;k )  -j-  J  J t 0,x,y,fJ3  (/,v|) 

Xh(x,yAkJ,v]d^[l,v)  =  tir0{x,y,t;k  I, 


(321 


where  tI/0  solves  the  coupled  system  (31)  corresponding  to  a 
given  solution  u0{x,y,t )  of  Eq.  (30)  and  h  is  given  by  the  for¬ 
mula 


h  [x 

=  f[x\y,t\l,v)Tl;0{x',y,t\k  ]dx' 

2.  Ja 

+  coiy,t,k,l,v,a),  (33) 

where  <a  is  a  solution  of  the  coupled  system 

ac°y  =  i  [/.(<*  Wo(<*) -f(a)ilr0'(a\],  (34al 

=  -  2[/„(a)^0(a)  —fx(a)i//0Ja)  +/(o#0Ja)] 


-  lu</la)itr0(a). 


(34b) 


with 


f[a\  =/(a,y,t\lyV),  </-0(a)  =  ib^a.yAk ), 

and  /  solves 

ofy  -/„  -  ««/=  o,  (35) 

/,  +  4/w  +  6uJx  +  3^u0>  -raj  u^dxjf  =  0.  (36) 

Assuming  that  the  homogeneous  version  of  (32)  has  only  the 
trivial  solution,  then  u(xy,t ),  defined  through 

u{x,y,t )  =  u0{x,y,t )  +  d,  j  j v{x,y,rj3  (/, v)) 

Xflx,y,rJ,v]d^U,v),  (37) 

is  a  solution  of  the  KJP  equation. 

Agam  the  proof  is  direct  and  it  is  based  on  the  applica¬ 
tion  of  the  operators  P  and  M  on  Eq.  (32).  In  the  Appendix 
we  show  how  the  constructive  procedure  used  to  get  Propo¬ 
sitions  l  and  2  generalizes  naturally  to  this  |2  —  D-dimen¬ 
sional  example,  hence  enriching  itself  of  new  features  and 
properties. 

The  solutions  of  the  1ST  for  KPI  and  KPII  (see  Refs.  14 
and  15)  can  be  easily  recovered  by  choosing  u0  =  0  and#  =  / 
for  a  =  i,  and  u0  =  0 0  =  /  —  iv  for  a  =  —  l. 

The  formulas  (33)  and  (34)  or,  equivalently,  the  system 
oflinear  PDE’slAlO)  satisfied  by  A,  have  a  rather  complicat¬ 
ed  k -dependence.  However,  when  u0  =  0,  the  situation  sim¬ 
plifies  enormously;  in  order  to  see  that,  let  us  introduce  the 
functions  g  and  v  defined  as 

g{x,y,t;k,I,v)=*h  ( x,y,t\kj,v ) 

X  !/r0(x,y,ttf  tlv!}/l/0{x,y,t;k  ),  (38a) 

v{x,y,t\l,v)  =  tl/o(xy,t.0  \l,v\]f[x.y,t\l,v).  138b] 

Rewriting  the  system  (A  10)  (including  also  the  t-equation) 
for  the  function  g,  and  considering  the  case  u„  =  0  (and 
t//0ix ,y,t;k )  =  expfikx  +  (k  z/a\y  -j-  4 ik  Jr  ]),  one  obtains  the 

overdetermined  system 

g,  +  i(k-0)g  =  \v,  (39a) 

agy  x.(kz -0z)g  =  l[yx  -ilk-f# )u],  (39b) 


g,  ^Mk* -0}'g  =  2[ikz~0l  +  k0)v 

-  tik  +  20)vx  -  ] .  1 39c) 

The  compatibility  condition  for  the  system  (39)  fixes  the  k 
dependence  of  g  in  the  form 

g\x,y,f,k,l,v)  =  —  iv\x,y,t\l,v)/[2(k  —  cj/.vi)],  (40) 

where  c  =  c(/,v)  is  an  arbitrary  function  of  /  and  v  and,  corre¬ 
spondingly,  v  solves  the  equations 

ux=il0~c)v,  (41a) 

avy  =  10 2  —  <r)u,  (41b) 

o,  =  4i(#3  —  c?)v.  (41c) 


The  k -dependence  of  g  (and  then  of  h )  implies  that  the 
integral  equation  (32)  can  be  derived  from  a  RH  problem  of 
the  type  introduced  by  Manakov16  in  a  work  in  which  he  has 
generalized  and  adapted  the  RH  direct  approach  of  Ref.  4  to 
2  +  1  dimensions.  He  postulates  a  nonlocal  RH  problem, 

<t>  *{x,y,t\k)  =  <j>  ~{x,y,t;k ) 

t  j<t>~  [x,y,f,l  )G  ( x,y,t\k,l  )dl,  (42) 

in  order  to  detect  and  generate  PDE’s  solvable  via  the  1ST. 
The  existence  of  explicit  cases,  associated  with  u0  =  0  (and 
briefly  discussed  above),  in  which  a  RH  structure  is  recov¬ 
ered,  is  a  confirmation  of  the  validity  of  Manakov’s  ap¬ 
proach  (for  u0  =  0)  in  finding  a  connection  between  the  KP 
equation  and  the  nonlocal  RH  problem  (42).  Such  a  connec¬ 
tion  was  also  proven  via  the  solution  of  the  1ST  (see  Refs.  14, 
15,  and  17).  In  Ref.  15  in  particular,  for  the  first  time  it  was 
shown  that  the  KPII  equation  is  related  to  a  “5  ”  problem, 
whose  integral  representation  also  gives  rise  to  the  ^-depen¬ 
dence  presented  in  (40).  But  the  nongenericity  of  the  above- 
mentioned  examples  corresponding  to  the  case  u,  =  0  indi¬ 
cates  at  the  same  time  that  the  RH  problem  (42)  is  not 
adequate  to  capture  a  wide  class  of  solutions  of  the  KP  equa¬ 
tion. 

We  wiii  show  in  the  following  that  essentially  the  same 
situation  arises  when  one  writes  the  DL  of  a  class  of  PDE’s 
associated  with  the  2  -j-  l  dimensional  generalization  of  the 
spectral  problem  (16).  Such  a  generalization  is18 

=  M,  -r  Q'P,  (43) 

where  ^  =  P  \x,y,t\k  ),Q  =  Q  fx.y.t )  and/are  n  X  n  matrices, 
and  J  is  constant  and  diagonal  while  Q  is  off  diagonal.  Physi¬ 
cally  relevant  equations  such  as  the  so-called  Davey- 
Stewartson  equation,  the  ti-wave  interaction  in  2  +  1  dimen¬ 
sions,  and  the  modified  KP  equation  are  related  to  (431.  The 
1ST  associated  with  this  linear  problem  has  been  recently  ' 
investigated  and  solved  in  Refs.  19-21. 

The  DL  corresponding  to  (43)  is  formulated  in  the  fol¬ 
lowing  way. 

Proposition  4:  Let  d>  | x.y.k )  be  a  solution  of 
<P  (x,y,-k )  +  J  J  <P  ( x.y,,0  (/,  v|) 

X  G  {x.y,kj,v\d!;  (/,v)  =  I,  (44) 

where  L  and  dC;  [l,v]  are  arbitrary  contour  and  measure. 
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-  0  =  /9'7,vlisan  arbitrary  function  of  l  and  v,  G  is  given  by  the 

I  expression 

!  G\xj-,kJ,v) 

=  l/,v))(  |V0-  '(*' jrj5 f/.v)) 


XJJ  \x'  yJ,v\J^Q{x'  y,k  )dx‘ 

-r  gO'.W.v,a)^0-  ‘(xjh* ),  (45) 

where 

gy(y,k,l,v,a )  =  ^o~  (a^/.vi^a^A ), 

(46) 

R  =tR  \x,yj,v)  solves 

-  R,  +  V-  [/-y(^v9(4v)M?  ]  +  ]  =  0,  (47) 

with 


Slx,y0)  =  {f'0JxxyJ3)lf'  f  '{x,y£),  (48) 

and  (P0  is  a  solution  of  (43)  corresponding  to  the  potential 
QoUJ)-  Then 

¥  \x,y,k )  =  <P  \x,yk )  'P^xy.k )  (49) 

solves  Eq.  (43)  if  Q{x,  y)  is  given  by 


Q{x,y)  =  Q0(x,  y)  + 


r  c 

J,  <P  (jc,  yJJ  (/,  v)) 
JL  J 


XR  (x,  y,l,v)d{;  (l,v\ 


(50) 


Again  we  refer  to  the  Appendix  for  the  derivation  of 
this  proposition.  Formulas  (45)  and  (46)  imply  that  the  kernel 
G  satisfies  the  following  set  of  (compatible)  linear  PDE’s: 


G,  mGS{k)-Slj3)G  =  R,  (51a) 

<7,  t  G  {JS Ik  )~Q0)-  (. JS  )  4-  Q0)G  =  RJ.  (51b) 


When  Q0  =  0  (and  it>0  =  expf/k  (  Jx  j-  y) )),  the  compatibility 
condition  for  the  system  (51)  fixes  the  £ -dependence  of  G  in 
the  form 

G  lx,  yk,Lv\  =  -  iR  {x,yl,v)/[k  -  c\l,v) J,  (52) 

and,  correspondly,  R  is  defined  through  the  equations 

Rx  =*H0JR  -cRJ),  (53a) 

Ry=H0-c\R  (53b) 

postulated  by  Manakov  in  its  nonlocal  RH  approach.  This 
shows  again  how  the  nonlocal  RH  problem  (42)  is  an  appro¬ 
priate  tool  to  detect  the  PDE’s  m2  -  1  dimensions  corre¬ 
sponding  to  the  linear  problem  |43),  but,  unlike  the  case  of  its 
associated  1  4-  1  analog,  it  is  able  to  capture  a  restricted  class 
of  solutions  only  (e.g.,  the  ones  obtained  perturbing  off  of  the 
zero  solution  I. 

Concluding  this  paper,  we  would  like  to  remark  that  the 
DL  has  been  studied  here  in  connection  with  a  certain  selec¬ 
tion  of  relevant  eigenvalue  problems  associated  with  the  1ST 
theory,  showing  that  the  general  assumptions  on  which  the 
DL  is  based  are  consistent  with  the  general  features  of  the 
1ST  theory. 


APPENDIX 

In  this  Appendix  we  will  illustrate  the  constructive  pro¬ 
cedure  used  in  this  paper  m  order  to  obtain  the  DL  contained 
in  Propositions  1— L  Since  the  main  steps  of  this  procedure 
are  essentially  the  same  for  ail  of  the  PDE's  related  to  the 
1ST,  we  will  discuss  them  in  some  detail  for  the  KdV  exam¬ 
ple,  limiting  our  discussion  of  the  other  cases  to  those  situa¬ 
tions  in  which  the  procedure  introduced  needs  to  be  modi¬ 
fied  or  exhibits  new  features. 

(1)  The  first  step  consists  in  writing  the  integral  equa¬ 
tion  for  tit, 

'ft[x\k )  4-  J  )k  [x;k,l  )dA  1/ )  =  il%'{x\k ),  1  Ala) 

or  for  d  =  iM)'1-  ‘* 

{X'k  *  +  {'X'! ^x'k'1  ^  f  =  1  •  (Alb) 

The  kernel  h  has  to  be  characterized  a  posteriori  as  is  indicat¬ 
ed  in  the  following  steps. 

(2)  In  the  second  step  one  applies  the  spectral  operator  P 

to(Al)[or/2  to(A2)].  In  the  KdV  case  P  =  —  uix  I  -r  k1/ 

4  and  Eq.  (Ala)  implies 

{x\k )  4-  j*  [>„  [x\i  )h  (x'jcj )  4-  2tlrx  {x;l  )hx(x\k,l ) 

+  $x;/)/i  „(*;£,/)]  dX  (/)  =  t/t0Jx;k ),  (A2a) 


u(x)t0X;k  )  4-  J  u(x)t0x;l  jdk  (/ ) 

=  “0 (x)tf-0(x;£  )  4-  [u(x)  -  u0(x)]i/>0lx;k  ), 


(A2b) 


)  4-  J  ^<Mx;l  )h  [x;k„ 


V) 


-r— - ~tMx;l)h  [x;k,l)]dA  [l)  =  —  ^„|x;k ).  (A2c) 

4  /  4 

Adding  these  three  equations  up,  one  obtains 


(m x-k )  4-  j"  (/Y)(x;/  )h  (x-kj  ]dA 


(/) 


I 


2 tltx  [x\l  )hx  [x\k,l )  -j-  iMx;I ) 


X  A„(x;*,/)  4- 


ki-r- 


■h  [x\ 


dA\l) 


=  (P0tP"){x;k )  4-  (u  -  u^ix-k ). 


(A3) 


Then  the  requirement  Pit  =  0  lP0t/r, 0  is  already  zero  by  hy¬ 
pothesis!  isolates  an  equation  for  u  —  u0  which,  in  the  KdV 
case,  reads 


(u  -  u0)<'(k )  =  2J  lt,H)f{kJ\dk 

4- J  Ml  )(^hXJt  - - - 4  ^jdk  1 A4) 

here  and  below  we  omit  for  convenience  the  x  dependence. 

(3)The  analysis  ofEq.  (A4)  suggests  the  structure  of  the 
integral  representation  of  u  —  u0,  in  our  case  Eq.  (A4)  im¬ 
plies  that  u  —  u0  must  have  the  form 


2618 


J.  Mttti.  Phys.,  Vol.  23.  No.  9,  Seotamoar  1984 


Santmi,  ADlowtx.  ano  PoKas 


2618 


u-u0  =  J  [\1>X{1 '/,(/)  -r  IA5) 

where  the  functions  /,  and  /,  are  charactenzed  in  the  next 
step. 

1 4)  Evaluate  the  consequences  of  the  assumed  structure 
(A5).  For  instance  in  this  specific  case,  Eqs.  i  A4|  and  (A5) 
imply 

2A,  =/.l'X(*l.  (A6ai 

+  [(*-  -/:)/4]/»  =fzM'\k),  !A6b| 

and  one  can  verify  that  the  compatibility  condition  for  this 
system  implies  that /,=/,_  =  where  i^0:i  is  an  arbitrary 
solution  of  the  Schrodinger  equation  (  10),  and  also  that  h  is 
given  by  formula  (11). 

When  applied  to  other  examples,  the  procedure  above 
repeats  exactly  for  the  first  two  steps,  while  steps  3  and  4 
adjust  to  the  specific  problem  under  investigation.  If,  for 
instance,  we  deal  with  Eq.  (16),  after  steps  1  and  2  we  have 

Q-Qo  =  j{lz-l)J<PG  +  <P[  -Gx  +  ( U~Q0)G 

—  G{zJ  +  Q0)]  \dX  (/),  IA7) 

and  now  taking  into  account  that  Q  —  Q0  is  a  ^-independent 
off-diagonal  matrix,  on  analogy  of  (A5)  we  necessarily  find 
the  structure 


Q-Qo~ 


dk. 


(A8) 


where  again  R  has  to  be  characterized.  Substituting  ( A8)  into 
(A7)  we  then  obtain 

\z-l)G[z,l)  =  /?(/),  IA9a) 

ff.tCWj-  Q0 )  -  (IJ  -  Q0)G  ~RU)J.  ( A9b) 


System  I A9)  has  the  solution 

G[kJ)  =  R(l )/( z  -  / ),  R  (/ )  =  <’(/ )G0(l )< -'(/). 


The  application  of  our  procedure  to  equations  in  2  —  l  di¬ 
mensions  leaves  essentially  unchanged  the  first  three  steps, 
and  leads  to  the  integral  representations  (A51  for  KP  and 


( A8)  for  the  spectral  problem  (43).  Equation  (A5)  implies  for 
KP  the  following  system: 

2hx  =/,dW0{k),  (AlOa) 

ahy  ^  »f,(l)^k  ),  (AlOb) 

whose  compatibility  condition  implies  that /u  =/:  —fx, 
and  formula  (34).  Equation  (AS)  for  the  linear  problem  (43) 
implies  the  system  (51),  whose  compatibility  condition  is  giv¬ 
en  by  Eq.  (47). 
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The  intermediate  long  wave  equation  is  a  physically  important  singular  integrodifferential 
equation  containing  a  parameter,  referred  to  here  as  <5.  For  S  — *  »  it  reduces  to  the  Benjamin- 
Ono  equation.  It  has  been  recently  shown  that  the  inverse  scattering  transform  schemes  of  the 
above  equations  have  certain  significant  differences.  Here  it  is  shown  that  for  <5  — »  x ,  the  inverse 
scattering  transform  scheme  of  the  intermediate  long  wave  equation  reduces  to  that  of  the 
Benjamin-Ono  equation. 

PACS  numbers:  03.40.Kf 


1.  INTRODUCTION 

The  intermediate  long  wave  (ILW)  equation  arises  in 
the  context  of  long  internal  gravity  waves  in  a  stratified  fluid 
wtth  finite  depth.  Moreover,  it  arises  in  other  circum¬ 
stances  as  well  (e.g.,  long  waves  in  a  stratified  shear  flow.7-1 
The  ILW  equation  can  be  taken  in  the  dimensionless  form 

u,  —  (l/6)ut  4-  2 uu,  4-  7u„  =  0; 

l  7i;IU)==  -L  | "  coth  (  )dl  ( 1 ) 

where  Cauchy  principal-value  integrals  are  assumed  if  need¬ 
ed.  In  the  internal  gravity  waves  problem,  the  parameter  S 
can  be  thought  as  the  ratio  of  depth  to  wavelength;  Eq.  (1) 
reduces  to  the  Korteweg-deVries  (KdV)  equation3  as  <5  —  0 
•  shallow- water  limit) 

u,  —  2  uu,  —  (fi/Slu**,  =  0,  (2) 

and  to  the  Benjamin-Ono  (BO)  equation9  as  <5  —  x  (deep¬ 
water  limit) 


have  significant  differences.  Actually  the  1ST  scheme  of  the 
ILW  equation  is  conceptually  similar  to  that  of  the  KdV 
equation  (see  subsec.  IIA  beiowi;  on  the  other  hand,  the  1ST 
scheme  of  the  BO  equation  is  similar  to  that  of  the  Kadomt- 
sev-Petviashvili  equation  la  two-dimensional  analog  of  the 
KdV  equation). :o  Hence  the  limit  process  <5  —  »  in  a  sense 
provides  a  limit  between  two  different  types  of  1ST  forma¬ 
lisms,  appropriate  for  one  and  two  dimensional  problems, 
respectively. 

In  this  paper,  it  is  established  that  as  5  — »  so ,  the  1ST 
scheme  of  the  ILW  equation  reduces  to  that  of  the  BO  equa¬ 
tion. 

II.  REVIEW  OF  THE  1ST  FOR  THE  ILW  AND  BO 
EQUATIONS 

A.  The  ILW  equation 

The  following  results  can  be  found  in  Ref.  18. 


u. 


2uu ,  -i-  =  0; 


[Hv)(x)  = 


Equations  ( I V— (3)  are  special  cases  of  an  equation  dis¬ 
cussed  by  Whhham. 10  W-soliton  solutions,  an  infinite  num¬ 
ber  of  conserved  quantities,  Backlund  transformations,  and 
Lax  pairs  for  the  ILW  and  BO  equations  have  been  estab¬ 
lished  in  Refs.  3,  4,  6,  11,  and  in  12-16,  respectively. 

The  inverse  scattering  transform  (1ST)  scheme,  a  meth¬ 
od  for  solving  suitable  initial-value  problems  for  certain  non¬ 
linear  equations,  was  discovered  in  connection  with  the  KdV 
equation. 17  The  1ST  schemes  for  the  ILW  and  BO  equations 
have  been  recently  established  in  Refs.  11,18,  and  19,  respec¬ 
tively.  The  limit  of  the  1ST  scheme  of  the  ILW  equation  to 
that  of  the  KdV  equation  (<5  —  0)  is  rather  straightforward 
and  was  given  in  Refs.  6  and  1 8.  However,  the  limit  of  the 
1ST  scheme  of  the  ILW  equation  to  that  of  the  BO  equation 
|<5  —  * )  presents  certain  difficulties.  This  is  a  reflection  of 
the  fact  that  the  1ST  schemes  of  the  ILW  and  BO  equations 
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1.  The  direct  scattering  problem 

The  direct  scattering  problem  of  the  ILW  equation  is 
based  on  the  x-part  (4a)  of  the  “Lax  pair” 

L.W^iWf  +  (<,‘„(/l)4-  1/2 &]{W- -  W~)  =  -uW~, 

(4a) 

iwf  -2i<r^r  +  ^5 

4-  [^iux  -Tux  +  pa)W*  *0.  (4b) 

where 


U  1=  ± 
pM 


Xe  =  “  _  J_ 

e*4  -  e  -  **  '  IS 

4-  [X  /2)1  4-  v,  v 


is  an  arbitrary  constant,  X  is  a  constant  and  is  interpreted  as  a 
spectral  parameter.  Given  u,  Eq.  (4a)  defines  a  Riemann- 
Hilbert  problem  in  a  strip  of  the  complex  x  plane-,  W  1  [x) 
represent  the  boundary  values  of  functions  [i.e.,  - 
(x)  =  Iim^_o  i lAx  ±  iy ))  analytic  in  the  horizontal  strips 
between  Im  z  =  0  and  Im:=  ±  25,  and  periodically  ex¬ 
tended  vertically.  Importantly,  Eq.  (4a)  can  also  be  solved 
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without  appealing  to  Riemann-Hilbert  theory  since  it  can  be 
viewed  as  a  differential-difference  equation.  This  follows 
from  the  periodicity  condition  ib~\x)  =  \b~\x  —  2iS\. 

Let  us  concentrate  on  the  I  -f  i  functions  and  let  \f.  M 
denote  the  |  4- 1  “left”  eigenfunctions,  while  .V,  .V  denote  the 
!  —  l  “right”  eigenfunctions.  These  eigenfunctions,  in  addi¬ 
tion  to  solving  (4),  also  satisfy  the  following  boundary  condi- 


.Vf—l,  M  — ►  £“■ 


as  x  — »  —  * ,  *V — » 1 , 


as  x  —  —  30 . 


The  eigenfunctions  .Vf,  .Vf,  .V,  .V  satisfy  the  following  Fred¬ 
holm  integral  equations 


AVfr/tJN  f 
ViW  (*,  A  )J  \e 


Gjx.y,  ;.|/t  i)u(y|' 


(H[x,A)\  =  (e~ 

\y\x,A))  v 


(M{y.A)\ 


-  J  ”  GJx,y,  ;,U  ))»' y(j{yy  *  j )dy,  (6b) 


G,(x,y.;.  Hi) 


=  —  f  dp - - - — .  (71 

2ir  J  c .  l/25](l 

where  C.  are  the  contours  Re  l p  —  <0). 

The  eigenfunctions  .W,  ,V,  .V  are  related  through  the 
scattering  equation 

M(x,  A  l  =  aU  uVfx.  A  i  +  6{ £J,A  )  -r  \/25)b  (A  1 N[x,  A  ), 


a\A  )  =  1  4-  - - -  j  dy  u(  y\M  I  y,  A  ); 


)  = - - -  f 

2at_U  )6 


dy  uly\M  ( yj.  )e ' 


9  {A )  =  1  for  A  >  0.  9  \A  )  =  0  for  A  <  0. 

The  “bound  states”  correspond  to  those  A,  for  which 
a,  =?aU,)  =  0,  l  =  l,2,...,n,  (10a) 

.Vf,(jc|=£,Vf  ixU,)  =  btA,)N{xj.,)=bliV!lx).  ilObl 

2.  The  inverse  scattenng  problem 

The  solunon  of  the  inverse  problem  is  based  on  Eq.  1 8). 
Given  alA  I,  b  ( A  ),  and  appropriate  information  about  the 
bound  states,  find  \f,  .V,  ,V.  In  order  to  view  (8)  as  a  Rie¬ 
mann-Hilbert  problem  in  the  complex  2.  (A  I  plane,  one 
needs  to  establish  analyticity  properties  in  *  J/i  1  for  the  ei¬ 
genfunctions  M,  N,  iV.  The  Kernels  of  the  integral  equations 
satisfied  by  M,  H  are  ( •+■ )  and  (  —  )  functions,  respectively,  in 
£<.{A  ),  i.e„  they  are  analytically  extendable  in  the  appropri¬ 
ate  regions  of  the  f  „(A  )  plane.  Since  the  forcing  in  both  cases 
is  unity,  Fredholm  theory  implies  that  the  solutions  M  and  .V 


are  also  i  —  land  I  —  '  functions  in  s"_'vi  ,  provided  that  there 
exist  no  solutions  to  Eqs.  \  on  when  <5  is  finite,  it  can  be  shown 
that  for  suitable  potentials  this  is  actually  the  casei.  Further¬ 
more,  Eq.  i9ai  implies  that  ai^_i  is  a  i  —  i  function  in  a. 

In  order  to  solve  i8),  one  needs  to  establish  an  analytic 
connection  or  symmetry  condition  between  .V  and  .V.  This 
follows  from  the  relationship 

.Vix.Al  =  \<x,  -A  le"'^.  (11) 

which  is  a  consequence  of 

G  ,  lx,  y,  A  )  =  G  .  ix,  y,  -  A  (121 

Equation  (8),  using  the  above  analytic  properties  of  M. 
.V,  and  a,  as  well  as  Eq.  (11),  defines  a  Riemann-Hilbert 
problem  in  [A  ).  From  this,  the  following  integral  equation 
is  obtained  (see  Appendix  A): 

i  r  pic'.  hv  i£'_) 

•V  (;_)-— 

2m  J  -  i /is  £  —  (£_  —  (0) 

"  '  C,N, 

=  I  -  1  y  — — ~ —  .  :  135 

>  ”  1  S  -  S  -/ 


C  =  —  i - "-ALL -  ,  p=:Ll!,  ,14) 

«;.(£.(*))  L-i)  aU) 

The  Gei*fand-Levitan-Marcenko  equation  given  in  Ref.  1 8 
can  be  easily  obtained  by  taking  an  appropriate  Founer 
transform  of  (13),  supplied  by  the  analytic  information  (11). 

We  shall  also  need  the  following  relationship,  which  is 
obtained  from  (13)  asymptotically  as  £ ■ »»  (see  Appendix 
A): 

J_  r  p(^ ^ ,d^  _  /  j;  cn ; 

2m  J  -  i /is  jtTi 


■f  cosh  (£ 


ul  y)dy. 


cosh  ^  — —  )«<  y&y-  (15) 

And  finally,  the  reality  of  u\x)  implies  that  u\x)  =  u~\x) 
-u"(j:)  =  u-W  +  (ti*U))*. 

Equation (13)  defines in  terms ofp,  C,,Ar  and  Eq.  115) 
defines  u~  in  terms  of p,  Cjt  H.  Hence  Eqs.  (13)  and  ( 1 5) 
define  u*(x)  in  terms  of  p,  C, ,  A: ,  the  so-called  scattenng 
data.  However,  the  scattering  data  need  only  be  evaluated  at 
time  f  =  0  [i.e.,  in  terms  of  the  initial  data  uix,  0)  only]  since 
their  evolution  is  known. 

K  (0  =  ^(0), 

C/(0  *  C,(0)exp  (iAj  [A,  cothd.Pl  -  l/<5]r)j;_  ,, 
pU,  t )  =/a(/i,0)exp  [m.  [A  coth  AS  —  l/<5)r  ].  (16) 

The  above  evolution  of  the  scattering  data  follows  easily 
from  the  r-part  |4bi  of  the  Lax  pair. 


8.  The  BO  equation 

The  following  results  can  be  found  in  Ref.  19. 

/.  The  direct  scattenng  problem 

The  direct  scattenng  problem  of  the  BO  equation  is 
based  on  the  x  part  1 17a)  of  the  “Lax  pair”: 
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Lu)  =  iw~  —  A\ui~  —  io~]  =  -UU)*,  ( 1  Tal 

!'u;.=  —  liAwp  “^5  —  2i(u  ],=  u> r  =  —  pw~,  ( 1Tb) 
where 


[u]  -  =  *m/2  -r|l/2;W«.  (17c) 

Given  a,  Eq.  ( 17a)  defines  a  differential  Riemann-Hilbert 
problem  in  the  complex  x-plane-,  w  -  (jc)  represent  the  bound¬ 
ary  values  of  functions  analytic  in  the  upper  ( )  and  lower 
i  —  )  half  x-plane,  i.e.,  ui-[x)  —  lim,^  w(x  ±  iy). 

The  eigenfunctions  m,  m,  n,  h  satisfy  the  boundary  con¬ 
ditions 


m  —  1,  in  —  as  x  — •  —  so ; 

h  — »  l,  n  —  e^  asx  — *  -r  so,  (18) 

and  are  characterized  through  the  following  Fredholm  inte¬ 
gral  equations: 

/ mix,  A ) 

V mix. 


:1D-W 


g-  WE. 


(19a) 


GEaD-CT- 


,  .  .  ,  ,(n\y,A  )\ 

.  v»(  A  V 

(19b) 

where  g_  are  the  (  +  )  and  (  —  )  pans  of  sectionally  holo- 
morphic  function 


1  f  ® 

g[x.y,  A  )  =  — -  dp - - , 

2ir  Jo  p  —  A 

and  A  denotes  the  complex  extension  of  A,  i.e., 

iU  -  Kp 


1  f"  e‘l 

g  _  U,  y,  a  )  =  — -  dp - 

2a-  Jo  p  -  I 


(20) 


(21) 


p-u±  10} 

The  eigenfunctions  m,  n,  n  are  related  through  the  scat¬ 
tering  equation 

mix,  A  )  =  nix,  A )  +  9  [A  0  [A  )n{x,  A  ),  (22) 

where 


0}A 


r® 

<  )  =  i 

J  —  i 


u{  y]m{  yj.  }e  Uydy. 


(23) 


Z  The  inverse  scattering  problem 

The  solitons  of  the  IL  W  equation  correspond  to  “bound 
states’’  which  are  generated  from  the  zeros  of  alA  ).  However, 
in  Eq.  1 22)  (which  is  the  analog  of  181],  the  coefficient  of  h  is  1. 
Hence  the  solitons  of  the  BO  equation  are  generated  through 
a  different  mechanism;  the  integral  equations  1 19),  in  con¬ 
trast  to  the  integral  equanons  (6l.  may  have  homogeneous 
solutions  0.,  for  some  a,,  where  Ay  <0,  i.e., 

<P|xl*J  iix.yj.  \u\y\<P,(  y\dy,  A.  <  0.  (24) 

The  kernels  of  the  integral  equations  for  m,  n  are  t  —  )  and 
(  —  )  functions  respectively  in  A.  Hence 

,  '  C,0  \X) 

mix,  A  )  =  1  +■  V  — -  j-  m  Jx,  A  ),  (25) 

V  A  -  A 


*»  Q  <p  |„x) 

nix,  A  )  sb  1  -t-  y  — i -  —  h  _(x,  A  ),  126) 

;  A  —  At 

where  m  „ ,  h  _  are  I  -r  )  and  (  —  )  functions,  respectively,  in  A . 
It  turns  out  that 

C,  =  C,  =  -  i,  j  =  \,2,...,n. 

In  order  to  view  Eq.  (22)  as  a  Riemann-Hilbert  problem 
in  the  complex  A  plane,  one  needs  to  establish  analytic  infor¬ 
mation  about  n  and  h.  This  follows  from 


-§r  («(■*•  A  )«  " ,/U)  =/(-*. 1  )e'^n{xj. ); 

OAp 

f[A  )=  -  —I—  f  ulylnlyj.  }dy.  (27) 

2  itAp  J  —  39 

Equation  (27)  is  a  consequence  of 

4rS^{x,y,A)=  -  -L  +  i(x-y)g  (x,y,A). 
dA  Itta 

(28) 


Using  (28),  one  also  finds  that 


jim  [nix,  A  )  -  /0;(x)/(A  -  A,)]  =  (x  +  //)<£,.  (29) 

Equation  (22),  using  (25) — (27),  and  (29),  defines  a  nonlo¬ 
cal  Riemann-Hilberx  problem  in  the  complex  A  plane  which 
is  equivalent  to  the  integral  equation 


nix,  A,c )  =  ["  k  (x,  t,A,  1)0  (l,  t  )nlx,  t,  l  )dl 

2ir  Jo 

+,£•*  (x,  t  )h  (x,  r.  A,  A,)  =  u{x,  t,  A  ),  (30) 


[x~y.(t))0{x,t)~  ~  r 
2m  Jo 

,  ^ 

4-  i  >  -  =  1, 

«t*.  /I;  -A, 


0(1,  t  )/t(x,  t,  l )  ^ 
A  —  A; 


(31) 


where 


u(x,  r,  A )  == 


t/U  r y*  - »  +/,(/ y* W/;  /,(A )  = 

o  a  In  a 


A(x,r,A,/)*y-'u[  u(s,  A  k “ ,u  ~ n«ds‘ ,  />0, 

J  qs 

/i  (x,  t.  A,  A,)=e‘{A  ~  ’’u  f  yljT,  A  )e  _  ,u  ~ 

Ja 

.1 1  ■  —  -  *  ~r 

The  following  equation  is  also  valid: 

[u)“=  —  I  0IA  )nlx^.  '4A  -r  /^d>y(x). 


(32a) 

(32b) 


(32c) 
1 33) 


and  assuming  u  real.  u(x)  =  u *(x)  (u*(xl)*.  | 

Equations  1 30H  33)  define  [uj*  in  terms  of  A;,  ,  /3  (A  ), 

/(A  ).  However,  the  scattenng  data  need  only  be  evaluated  at 
time  t  =  0.  since  their  evolution  is  known  from  ( I Tbl: 
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0lA,t)=0U, 0\e*!',  /I  a,  : )  =/W, 0)eu:'.  ;34) 

III.  THE  LIMIT  FROM  THE  ILW  EQUATION  TO  THE  BO 
EQUATION 

In  this  section,  we  will  show  how  the  1ST  scheme  of  the 
BO  equation  can  be  obtained  from  the  1ST  scheme  of  the 
ILW  equation. 

A.  Tha  direct  scattering  problem 

As  noticed  in  Ref.  18,  the  limit  <5  —  »,  A  >0,  of  the  Lax 
pair  (4)  goes  directly  to  the  system  (19);  the  strips  between 
lm  z  =  0  and  lm  z  —  ±  IS  become  the  upper  and  lower  half 
r- plane,  and  then  m  ±  (x)  =  lim^.  W  -  (x)  are  nothing  but 
the  boundary  values  of  functions  analytic  in  the  upper  ( •+■ ) 
and  lower  (  —  )  half  r-plane. 

It  is  straightforward  to  show  [see  |B2I]  that  lim^,  G  _ 
[x,y,£*.{A ))  —  g^  [x,y,A  ),/l  >  0,  where  the  Green  functions 
G  £  andg  _  are  defined  in  (7)  and  (21),  respectively,  then  the 
Jost  functions  of  (17al  are  solutions  of  the  Fredholm  equa¬ 
tions  (19)  and  can  be  obtained,  for  A  >  0,  in  the  following 
way: 


m\x,  A)  =  lim.V/(x,A) 

(35a) 

4-« 

mix,  A  )  =  lim.V/fx,  A  )e  ~  Ai, 

(35b) 

4— „ 

/:(x,  A  )  =  lim.V  (x,  A)e~ 26 , 

(35c) 

S-m 

hix,A  )  =  lim.Vfx,  A  ). 

(35d) 

The  analytic  information  about  G  _  (and.  consequent¬ 
ly,  about  .V)  contained  mill)  and  1 12)  are  apparently  lost  in 
the  limit  <5  —  =o ,  from  which  we  find  the  identity  g  _  =  g  _  . 
Nevertheless,  one  may  show  that  taking  the  derivative  of  ( 1 2) 
with  respect  to  A, 

G  .Jx,y,A)  =  Hx  - y)G (x, y,  A )  -r  G±[x,y,  ~A)er*,x-», 

(36) 

and  then  taking  the  limit  <5  —  »  of  this  equation,  one  gets 
[see,  (B3HB5)]  the  nontrivial  equation  |28).  .Analogously,  by 
taking  the /l  derivative  of  Eq.  (6b)  for  .V  lx,  —  A  ),  enriched  by 
the  property  (1 1), 

(Wlx.x 


Gx[x  —  y,  —  A  )uiy\N lyA  ]e  ~  “  **dy 

Glx  —  yA  '*  ~  ’rtui^|(iV  (y,  A  !e  ~ oir  ~  iS]dy, 

(37) 


and  then  taking  the  limit  5  — *  » ,  one  gets  the  analytic  con¬ 
nection  formula  (27).  This  highly  nontrivial  formula  is  de¬ 
rived  at  this  stage  as  a  consequence  of  the  noncommutarivity 
of  the  two  operators  lim^.  and  3  /dA.  It  will  be  rederived 
later 'perhaps  in  a  more  satisfactory  way)  from  the  scattering 
problem. 


Using  Eqs.  135)  for  a  >  0.  together  with  the  symmetry 
condition  1 1 1 )  for  the  case  A  <  0,  one  can  take  the  limit  of  the 
scattering  equation  (8).  Specifically. 


,.  ,  [1,  A>0, 

\d  (a  ),  A  <0, 

(38a) 

(38b) 

!im  biA)  =  e~ 's0 U  ),  A  > 0, 

«• 

(39a) 

lim  $e*sb  \A  )  =  — f  u(y)miy,  —  A  )dy, 
4—  2  A  J  -  , 

L<0, 

(39b) 


where  d  {A  )  *=  l  4- 1 J  u{y)m{y,  -  A  )eUydy,  and  0  (A  )  is  de¬ 
fined  in  (23).  Then  in  the  limit  <5— oo,  Eq.  (8)  goes  to  Eq.  (22) 
for  A  >  0,  and  it  goes  to 

m(x,  —  A)  =  d{A  )n(x,  —  A  )  (40) 

for  A  <  0. 

Finally,  (38)  and  (39),  together  with  (14)  and  (40),  imply 

that 


lim  ptA  )  =  e  '60  (/l ),  A  >  0, 

(41a) 

•m 

lim  &eASp{A  )  =  iirf{  —  A),  A  < 0, 

(41b) 

with  /[A  )  defined  in  (27). 

The  solution  of  the  inverse  problem  for  the  BO  equation 
will  be  obtained  taking  the  limit  5— -■x  of  Eq.  (13).  However, 
in  order  to  do  that,  we  must  still  characterize  the  asympto¬ 
tics  of  the  bound  states  a,  =  i;(<5),y  =  1,2,...,/:  of  the  ILW 
equation. 


B.  The  bound  states 

As  shown  in  Ref.  18  for  every  finite  S  the/lf’s  are  simple 
zeros  of  aiA  )  and  lie  on  that  portion  of  the  imaginary  axes 
contained  in  the  fundamental  sheet  of  the  A  plane:  A ;  —  ikJ , 
0<kJ  <  tt/5. 

In  order  to  establish  the  asymptotics  of  A; ,  we  will  study 
the  equation  as  =?a\At ,  <5)  =  0  for  large  5  with  the  following 
ansatz: 

Aj  =  UWS)(a,0'>  +  a1 'VS  +  aV/S2  (42) 

and  the  restriction  0 1,  which  is  a  direct  consequence 
of  the  property  0  <  k,  <  t/S. 

Substituting  ansatz  (42)  into  the  equation  at  =  0  evalu¬ 
ated  for  large  <5,  one  gets  an  equation  in  inverse  powers  of  >5. 
In  order  to  equate  to  zero  the  coefficients  of  the  0 1 1)  term, 
the  following  conditions  must  be  satisfied  (see  Appendix  C): 


ab;'  =  1. 

143) 

.Vf,(x)  =  Sfijlx)  -  qy'lxl  -r  0(<5-1), 

144) 

f  “( yip^tyidy  =  —2 iAt, 

(45a) 

where 

A;i  l/2a'/’; 

(45b) 

while,  equating  to  zero  the  coefficient  of  the  O  {6  ~ ')  term,  one 
gets 
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I  u\y\fi'Ay)dy  =  ~2iV_,,  (46al 

where 

V_  =  ilr/2)X  l46b) 

As  a  consequence  of  result  |43),  the  property  k,  <  rr/S  implies 
that  ay'  land  then  A.  \  is  negative,  otherwise  arbitrary. 
Moreover 

s"_  =  J  _  !/i; )  —  —  Aj  -r  V  ~j/5  -r  O  lS~~),  (5>l.  1 47) 

Substituting  the  expansion  (44)  into  Eq.  (6al  evaluated 
for  large  <5  and  equating  to  zero  the  coefficients  of  the  first 


two  terms,  we  get  the  integral  equations  satisfied  by  /ii/'lxi 
and  Aty'lx): 

\Km^{x\  =  0.  (48a) 

1  Kn-Alx)  =  1  -  j 

*•  30 

g,!*.  y,  A.)ul/W'[y)dy, 

—  30 

(48b) 

where 

\Krj){x)^ri{x\  - 

I  y.  Aj)uly)7f{ytdy, 

'  —  TO 

|49a) 

and 

gi(x,y,/i;)  =  iv_ 

~  U gjx,y.  A,)  -i/4Aj 

(49b) 

is  the  coefficient  of  the  O  f<5  ~ ')  term  in  the  expansion  of  G  Jx, 
y,  X,  i  when  <5>  1  [see  (B61]: 

GJx,y,  Xj)  =  gl  x,y,A.j  4-  i  !/%,(•*.  >','*.)  4-  0(<5-i). 

(49c) 

Equation  (48a)  shows  that  the  leading  term  of  the  ex¬ 
pansion  of. Vf  isasolution  of  the  homogeneous  equation!  24), 
corresponding  to  the  eigenvalue  Arft\J)\x)  is  the  solution  of 
the  inhomogeneous  equation  i48bl  and  the  necessary  and 
sufficient  condition  for  such  a  solution  to  exist  in  [see  (D5)] 
ay’  =  1/(4/. :),  whereupon  then  v  _  =  l(ir  X  1).  So  Eq. 

>48bi  becomes 

■kfiy^ix)  =  ^  I  \x  -  yfflc,  y,  A^y^tyXiy.  (50) 

In  both  Eqs.  (48a)  and  (50),  the  solutions  /zi/’M  and 
/zy’Lx)  are  defined  up  to  a  multiplicative  constant  that  can  be 
determined  using  Eqs.  (45a)  and  (4-6a). 

Formulas  (42),  (44),  (45al,  (47)  ailow  us  to  evaluate  the 
limit  of  Cj  =  —  iibj/aj)  =  —  /(6  U, )/ a.  [X/)). 

b,  -  -  —k —  I  ui y\M,iy)e~'A>l'~'i‘>dy 

~  -  -7-7-  f  my\fj.^\y)dy 
2U,  J  _  „ 

+  Ol<5~1)  =  1  /-  Oi8~'\  <5>  1 ,  (51) 

so.  as  a  consequence, 

,Vy  =*  W. /b,  =  <W(x)  4-0(1),  <5>1.  (52) 

For  definition  (9), 


1  f ’* 

:  - - u\y\M  \y\dy 

list  j  -  - 


-  — i —  I  uiyiM'iyidy.  1 53) 

use  ~  J  -  • 

M  'y\  =  \i  Jy,  (((^  satisfies  the  equation 

\r.[x\  -  |  GAx.y,  X^uiyWj^dy 


[x,  y\u\y]Mt\y\dy, 


(54) 


with  G lx,  y)  =  G  _  .  (x,  y,  ;JA  ))|^  _  xr  The  asymptotics 
of  G '  (see  Appendix  B) 

G’^Jx.y)  =g/i[x,y,Al)  4-  OlS~'),  <5>1  (55) 

and  the  condition  (D5)  of  the  existence  of  solutions  of  equa¬ 
tion  (54)  for  large  8,  suggest  the  following  ansatz: 


M’Ax)  =  <5J/20(x:)  4-  Sft^x)  4-  0(1),  <5>1.  (56) 

Substituting  (56)  into  1 541,  using  (55)  and  (49c)  we  get,  for  the 
first  two  orders  in  <5, 


(W)W  =  o.  (57a> 

(Kji\A )(x)  =  J  gA  (x,  y,  Aj  )uly\fx^{y)dy 


gx[x,yJ-,)u\y)PJWy- 


(57b) 


jj}^{x)  is  the  solution  of  the  homogeneous  equation  (24)  with 
eigenvalue  Aj ,  then  M  constant.  Using  this  re¬ 

lationship,  together  with  (49b),  (28),  and  (D5),  one  gets^i  =  i / 
ir,  then. 


a '  =  f  u<y\nily)dy  4-0(1) 

2  IT  A,  j  J  —  to 

=  —  —  —  0(1),  5>l,  (58) 

rr 

and  finally, 

c,  =  it/8  4-  Old"2),  <5>1.  (59) 


C.  The  inverse  scattering  problem 

We  are  now  ready  to  take  the  limit  5  — *  »  of  Eq.  (13) 
which  is  the  inverse  scattering  scheme  for  the  ILW  equation. 
Let  us  analytically  extend  Eq.  ( 13)  to  A  —  —  Xj-. 


-  a*  -  45 


X 


_i_r  ptS’.w (*-r.  )rf?, 

2 TriJ  -  i/m  e  —  S  _  4-/0 


I  •! 


(60) 


Its  limit  when  5— ao ,  evaluated  using  (42),  (47),  (59),  (4 1 ),  and 
(35),  is 
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-  T[x  -  V.  (f  )  ]/4o'(X)  - 

*’  0  {A  \n\A  I 

0  A  —  Ay  ;*r,  A,  —  A; 

where 

y,(M*  -  C,(r  i/ir  t-  1/2-a;  -  (/2a,,  (62) 

and  Cy!r  1  characterizes  the  second  term  of  the  expansion  of 
Cy  for  Large  <5: 

C,\t)~w/S\(\  +Cj[t)/8  +  0\6— ')).  5>I.  (63) 

Asymptotically  inx,  Eq.  (61)  reads  —  irx/j. ijy,(jc )  =  1,  then 
PoM  =  -  l/ir<P,(x),  (64) 

where  <Py(x)  is  the  solution  of  (24)  with  the  property 


lm 


X0,|x) - *1. 

A— OB 

So  in  terms  of  0y(x),  Eq.  (61)  becomes  Eq.  (31)  and  Eq. 
(45a)  becomes 


u(y)^ly)4y  = 


2nxiy. 


(65) 


Let  us  consider  now  2eR*;  in  this  case  Eq.  ( 1 3)  goes  directly 
to 


nix,  A ) - —  f  dl  =  1  -  i  f 

2m'  Jo  l  —  {A  -  (0)  d  -  \ 

|see  Appendix  C),  which  implies  that 


0. 


a 


•  (66) 


_  _L  r  I)  di  Ufp 

2m  Jo  !  +  if  a„ 

The  last  choice  for  a  is  AeR~-,  in  this  case. 


(67) 


2m  Jo  /  -r  «f 


//(-/)Hix,  -/)  ^ 

—  /e224  -f-  Ae2^  -h  ie 


=  1  + 1  2.  “T -  +  0 1<5  ),  5>  1. 

m  «  1 

Making  use  of  (67),  splitting  J°  dl  intoj  dl  a-  J°d/  and 
expanding  the  corresponding  integrands,  we  get 

nUwi  \e  ~  **  —  |  /(/  )/?{. t,  /  )e  ~  ''x3/  =0,  a  >  0  (68) 

Jo 

(see  Appendix  C),  which  is  nothing  but  the  integral  form  of 
the  analytic  connection  formula  (271. 

Formulas  (66)  and  (68)  are  equivalent  to  the  integral 
equation  (301  and  together  with  Eq.  (3 1)  they  determine,  in 
principle,  the  n\x),  Six!,  and  <Pt 's,  and  thus  contain  all  the 
information  one  needs  to  soive  the  inverse  scattering  prob¬ 
lem  associated  with  the  BO  equation. 

It  is  remarkable  that  these  three  equations  are  derived 
from  the  same  Eq.j!3)  when  5— •».  in  the  three  different 
situations  A  =  -  At,  asR*.  and  AsR. 

Finally,  the  limit  of  ( 15)  goes  directly  to  formulas  (33), 
showing  how  to  reconstruct  u*\x),  and  then  uixl  =  u~(x| 


—  (u'!xi)*,  the  solution  of  the  BO  equation,  from  the  scat¬ 
tering  data. 

D.  Time  evolution 

In  order  to  obtain  the  time  evolution  of  the  scattering 

data,  we  notice  first  of  all  that  Xj  (/ )  =  a,  (0),y  =  1,2 . n,  then 

Aj[t )  =  a;|0)  too.  Moreover  from  116),  we  get  Cy(r )  =  C, 
i0I{1  —  2ml;r  /$  -f  0(5~2)),  <5>  1,  while,  from  (63)  at  t  =  0, 
we  get  C, (0)  =  (ir/5)(l  +  C(0)/5  +  0(5 ~2)),  5>l. 

Comparing  these  results  with  formula  (63),  we  infer  the 
time  evolution  of  Cy|r )  and,  through  (62),  the  time  evolution 
of  Yj(t ): 
r,(M  =  yyt0) 

+  2 A,  U  y,  (0)  =  -  Cj  (01/s  4-  ( 1  /2ml,. )( 1  -  iir).  (69) 

0  \A,t  )and/(2,r  (originate from  twodifferentlimits (A  >  Oand 
A  <  0)  of  p{A,  t ).  Comparing  the  limit  of  Eq.  (16), 

p\A,i)=p{A,  0)e  =  "i;,(l  +O(5-'))^^0,  5>1, 
with  formulas  i41a)  and  (41b),  we  infer  that 

0 1  A,: )  =  0  (A.Okri* f[A,t )  m/[i,  Q]eu (70) 


APPENDIX  A 


In  this  Appendix  we  will  derive  formulas  (13)  and  (15) 
that  characterize  an  alternative  approach  for  solving  the  in¬ 
verse  problem  of  the  IL  W  equation,  to  that  given  in  Ref.  1 8, 
which  is  in  terms  of  a  Gelfand-Levitan-  Marchenko  equa¬ 
tion.  While  the  two  approaches  are  equivalent  for  the  ILW 
equation,  it  turns  out  that  the  one  presented  here  is  the  most 
appropriate  to  describe  the  limit  to  the  BO  equation.  Let  us 
divide  the  scattering  equation  (8)  by  a(f  *);  the  function 
.Vf  (£*)/a(f  *.)  is  analytic  m  the  upper  haiff^  plane  except  for 
poles  (the  zeros  £  *  of  a);  then 


■W  (*.».) 
<*£*) 


=  i  jx,£j  t- 1  y 


c,.v. 

fa  fa 

*  -  —  * 


(Al) 


whereat  _|x, is  analytic  in  the  upper  half  plane  and  .V, 
and  Cj  are  defined  m  ( 10b)  and  ( 14),  respectively. 

Expressing  -r  l/2£)p(g „hV(x,£,.)  in  terms  of  its 
( )  and  (  —  j  parts, 

4-  \/2S]pl^W[x,;j  m  -(*,£*)  -U~{x,;_UA2) 


U  =  (x,b\)  = 


_L  r  ?!£z  J 1 

liri  J  -  i/zs  £ —  (i  *  ±  (0) 


d ;  0  ,  (A3) 


and  substituting  ail  of  this  information  into  (8),  we  get  u  ~\x, 
f-)  =  U  ~U,£.J,  and  Eq.  (13). 

Equation  (15)  is  obtained  by  considenng  Eq.  1 13)  for 
large  f  .  In  order  to  do  that,  we  must  evaluate  the  asympto¬ 
tics  of  .V  lx,  £.J  for  large  $ 


—  |  coth 
4(6  J  -  » 

xf-Lf  - 

V  2a*  J  c  p  — 


irt^y1  —  x  -  iO) 

23 


e*'  -  "'1 1  -e'1*) 


P  -  If  -  +  1/25)11  -  e  J 


dp  )dy' 


I 


4  (5f_ 

;*>i. 


coth((T/23Hy-x-  .01  ] ( l  +0 If  I  "). 


(A4) 
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Then,  using  Eq.  ( 6b),  we  get  .V lx,  *.j-~  1  —  ll/£_iu~lx)  us 
5  ,  —  » ,  and  Eq.  1 13)  yields  Eq.  1 15). 


Gjx.  y.A.t 


±f - ZL - 

2sr  {  1  -  28<£.  i-  1/2 S) 


APPENDIX  B 

We  will  briefly  discuss  here  the  procedure  used  to 
evaluate  certain  asymptotic  calculations.  As  a  prototype  ex 
ample,  consider  the  integral 


g-sr  *  -  y\ 

+  \/26)(\ -e~z*) 


4A;<5 


1  p  f  v  _  a- 1 

2rr  Jo  p  —  A,  V  <5 ip  -  A; ) 


G  (x,  y,  A  I 


ylx  -  yip 

- —  dp. 

p-  if,  -r  1/2<5)(1 


(Bl) 


Using  Cauchy's  theorem,  we  may  evaluate  the  order  of  mag¬ 
nitude  of  the  contributions  about  0  and  A,  the  two  singulari¬ 
ties  of  the  integrand.  Asymptotically  in  c5  they  are  ii/ 

2)e^  ,x~r  and  —  i'/4A<5,  respectively.  Then  we  split  the  inte- 


corre- 


gral  J  dp  —  J°  dp  +■  J*  dp  and  we  expand  the 

sponding  integrands;  the  first  term  gives  a  0 18~ ')  contribu¬ 
tion  and  the  second  one  gives  g  _  (x,  y,  A  ).  So 


</_  |x,y, 'A  )  =g  ±  [x,y,  A  )  -i-  0\S~'),  <S>1.  (B2) 

Exactly  the  same  procedure  yields  formula  |55)  and 

G  .A[x.y,A)  =  g:.i(x,y,A)-JrOiS~>),  <5>1,  (B3) 

used  in  (36).  The  evaluation  of  G_  ix,  y.  —  A  )eu,x  "yl  in  (36) 
requires  more  attention: 


G  ‘x.  y , 

Z  A  ' 


—  a.  \e 


i-i  |Jt  -  y|  . 


-  2AS  -r  1  -  <?  -  ^ 
2tr1e^s  —  e~  *4)2 


X 


[p-  if,  -  1/2<5)(1  -e-3*)]2  P 


A£  f  _ g.gx  -  yl  -  2«»» _ 

t  Jc£  [p-i;,  -  l/25)(  1 

Xdp{l  -0[6~%  (B4) 


Replacing^,,/!  I  —  l/2<5withA  i  with  an  exponentially  small 
error)  3nd  rescaling/?  with pd  we  finally  get 

G  .  ^  x.  y.  -  A  eA  x  ~ 

i  r  p--’ 

=  —  — — —  dp[\ -OlS~')) 

trA  J  c .  j  1  - 

- - 1 - Oi6~').  IBS) 

2  ir A 

The  evaluation  of  G  .  lx,  y.  A,)  up  to  terms  of  order  S  ~ '  is 
performed  as  follows: 


+  I  (  ~  D" 


AJe-1’"* 

ip-^r 


2itA 


t 


,‘px  -  y)  ~lpt 


=  g(x,y,A;)  +{\/8]gl(x,y,Aj)  +  0(6  :),  <5>1,  (B6) 


APPENDIX  C 

In  this  Appendix,  we  will  discuss  the  asymptotic  behav- 
iorofnix.A  ),m(x,A  ),n(x,A  )whenA  — *  0.  The  same  ideas  will 
also  be  used  to  obtain  equations  (43)— (45). 

Let  us  consider  function  n(x,  A  ),  solution  of 

nx  —  tin  =  i[un]  *,  n—~etXX  (Cl ) 

X  — -  CD 

[\h\~  indicates  the (  -4-  )  projection  of h  ),  or,  equivalently,  the 
solution  of 


nix.  A  )  =  a-  f  g_(x,y,A  )uiy)n(y,A  )dy.  (C2) 

■J  —  30 

Noticing  that  g_(x,  y,  A) - 1/2  v  In  A  as  A— 0,  Eq.  (C2) 

will  be  satisfied  at  the  O  ( 1 )  iff 


nix,  A  )  —  n0(x)/ln  A.  A— 0,  (C3) 

where  n0(x)  satisfies  the  normalization  condition 


j  u(y)n0iy)dy  =  2m 
Substituting  |C3)  into  (Cl),  we  get 


(C4) 


rt%=i[un0]".  (C5) 

Then  Eq.  ICS)  and  the  normalization  condition  (C4)  de¬ 
fine  the  coefficient  n0(x|  of  the  leading  term  in  the 
asymptotic  expansion  of  n(x,  A  )  when  A—* 0.  In  particu¬ 
lar,  it  is  easy  to  show  that  |C5)  and  |C4)  imply  that  n^x) 

- -  —  In  x. 


In  exactly  the  same  way,  it  is  possible  to  show  that 
mix,  A  ),  nix,  A  )~n0|x!/ln  A,  as  A— 0.  (C6) 

Moreover,  using  (C6)  and  (C4),  we  can  easily  get 
0[A)~2m/\n  A,  /(A)—  —  1/A  In  A,  A— *0.  (C7) 


Formulas  (C7),  as  well  as  |C3)  and  |C6),  are  implicitly 
used  to  prove  the  validity  of  167)  and  to  show  that  the 
integrals  contained  in  formulas  1 66)  and  (681  are  well  de¬ 
fined. 

Formulas  (C3)-iC6)  supercede  the  formulas  (24)  in  Ref. 
18  (the  first  of  which  is  incorrect;  however,  only  the  or- 
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der  of  magnitude  of  the  limit  A— 0  was  used  in  Ref.  13. 
This  indicates  that  fZ  dx  —Ois  not  special  in  the 
limit  A— 0. 


Let  us  now  prove  by  contradiction  that  atf  =  1 .  Then  let 
us  suppose  that  0  <  atf  <  l;  it  follows  that 


3  —  I'S 


1.1 
c'  -  7  7 


0(6' 


C.  = 


2  sin  (irai/1) 


and 


GJx.y,Xj)~ 


1  f  <?;U  ~  ™ 

2ir J  c.  p  —  (Cy/<5)(1  —  e~lpA)  P 


Consequently  using  the  same  kind  of  arguments  leading 
to  (C3)  and  (C4),  one  can  show  that  Eq.  (6a)  implies 

M  (jcl  f* 

M.[x,6) - — i - ,  with  u{y]MaMdy  —  2tt. 

In  fCj/S) 

Then 

a.  -  1 - , - - 1  #0, 

(Cy-J)ln(  Cj/6) 

which  contradicts  the  hypothesis. 

Analogously,  if  atf  =  0,  £„(/£,)  =  (iir/2S2)a\j)  —  OlS~2) 

and  G^(x,y,Aj) - (l/2rr)ln(l/2<5).  Consequently  Eq. 

(6a)  implies 

.Vf  U,b)~  3^- ,  with  J  uiyiM0/iy]dy  =  2  it. 


Then 


2<5 


2<5 


7*0, 


aV’lm  1  /2<5)  a'/’ln|  1  /2<5) 

which  agam  contradicts  the  hypothesis.  So  we  are  left 
with  the  only  choice  atf  =  1.  In  this  case, 

=  A,  -+■  v ^/8  +  0 (<5~:), 

so 


a,  =  1 


— - —  I  •a(y\M j\y)dy\\  4 -0(S' 

USA)  j  _  a 

will  be  zero  only  if  (44)  and  (45a)  hold. 


APPENDIX  D 

Given  the  following  equation, 

\Kh  |jt)  -*  1  —  C,J  uly\fij'ly)dy 

-  C,  J  ut  -ytwyltfx.yA,  piq'ty\dy  =  F<xi  ,01) 


[the  operator  K  is  defined  tn  i49ai],  Fredholm  theory  says 
that  a  solution  exists  iff 


j  <t>  *\x\Ftx\dx  =  0,  .D21 

where  \b  satisfies  the  equation  ""iHx)  =  0,  where  K  ~  is  the 

adjoint  operator  of  K. 

[K  ~h)\x)  =  h[x)  -  um\x\^  g*<y  —  xj.,  ,h  \y\dy.  iD3) 

As  a  consequence  of  the  equation  i K  ~\b\*[x)  —  0,  we  have 
that 


x\F[x)dx  = 


1  C,  uiy\/d/[y)dy 


J  <l>*\x'dx. 

(D4) 


Then  the  condition  j  \lr*lx)dx^Q  implies 
1  +  C,  j"  uiy)^[y\dy  =  0. 


(D5) 
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